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Tém tit
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Chuyén san Khoa hoc Ty nhién

1. Mé diu

Khoéng gian metric 1a mét trong nhiing khai
ni€m co ban cua giai tich hién dai, c6 vai tro quan
trong trong nhiéu mé hinh toan hoc. Viéc m& rong
khong gian metric va nghién ciru tinh chat cia cac
khong gian mé rong la mdt hudng nghién cuu dugc
nhiéu tac gia quan tdim. Nam 2012, K. P. Chi va
cong sy di thiét 1ap va ching minh dinh 1i diém bat
dong cho anh xa co yéu suy rong trong khong gian
metric riéng day da (Chi & cs., 2012). Nam 2017,
N. V. Diing da nghién ctru tinh diy du hoa cua
khong gian metric riéng (Nguyen, 2017). Thoi gian
qua, mot s khong gian metric suy rong duogc gioi
thiéu va nghién ctru, sir dung trong Li thuyét diém
bat dong, trong do co khong gian metric riéng va
khong gian tya metric riéng (Haghi & cs., 2013).
Gan day, Gharibi & Jahedi da nghién ctru sy ton tai
va tinh duy nhat ciia diém bat dong ddi véi anh xa
xac dinh trén tich ctia cac khong gian tya metric
riéng (Gharibi & Jahedi, 2019). Cac tac gia ciing da
dé xuat mot s6 diéu kién phu hop va xay dung céac
vi du minh hoa.

Chung t6i nhan thay rang, tinh chat topo ciia
khong gian tya metric riéng chua dugc nghién cuu,
nhiéu dang dinh li diém bat déng quen thudc chwa
dugc thiét 14p va ching minh trong khong gian twa
metric riéng. Bén canh d6, mot s6 tinh chat trong
khong gian tua metric riéng ¢ thé tiép cin bang
mot ciu trac metric phu hop.

Trong bai b4o nay, tir mot tya metric riéng da
cho chang téi xay dung mot metric va mét metric
riéng. Dong thoi ching toi thiét 1ap va chung minh
mdi quan hé giita ddy hoi tu, ddy Cauchy va tinh
day du gitra ching.

Trude hét, ching t6i trinh bay mot sb khai
niém, két qué co ban dugc sir dung trong bai bao.

Khai ni€ém metric 1a sy mé rong cua khong
gian ba chiéu véi khoang cach théng thudng véi ba
dic trung tiéu biéu: tinh khong am, tinh ddi xtng,
bat déng thirc tam giac.

Pinh nghia 1.1. (Tran & cs., 2017). Gia sir X
la mot tap khac rong va d: X x X — R sao cho véi
moi x,y,z € X,

1.d(x,y)=0.

2.d(x,y) =0 x =y.
3.d(x,y) =d(y, x).
4.d(x,y) <d(x,z) +d(z,y).

Khi d6
1. d duoc goi la mot metric trén X va (X, d)
dugc goi la mét khéng gian metric.
2. Day {x,} c X duoc goi & hgi ty dén diém
x € Xnéu lim d(x,,x) =0.
n—->0oo

3. Day {x,} c X dugc goi la mot day Cauchy

néu lim d(x,, x,) = 0.
n,m-co

4. Khong gian metric (X, d) duoc goi la day
di néu moi day Cauchy {x,,} c X hoi tu trong X.

Binh nghia dudi ddy m¢ rong tir dinh nghia
metric bang cach bo di tinh doi xting.

Pinh nghia 1.2. (Gharibi & Jahedi, 2019).
Gia sir X 12 mot tap khac rong va

q: X X X - R sao cho véi moi x,y,z € X,
1. q(x,y)=0.
2.qx,y)=qrx) =0 x=y.
3. q(x,y) <q(x,2) + q(z,).

Khi d6 g duoc goi la mét tya metric trén X va
(X, q) duoc goi la mot khdng gian twa metric.

Khéng gian metric duwgc maé réng thanh khdng
gian metric riéng nhu sau.

Pinh nghia 1.3. (Gharibi & Jahedi, 2019).
Gia str X 1a mot tap khac rong va

p: X X X - R sao cho véi moi x,y,z € X,
1 p(x,y) = 0.
p(x,x) =pxy)=p(y,y) @x=y.
p(x,x) < p(x,y).
p(x,y) = p,x).
p(x,z) <p(x,y) +p(y,2) —p(,y).

ISAREE B

Khi d6

1. p duogc goi l& mot metric riéng trén X va
(X, p) duogc goi la mot khéng gian metric riéng.

2. Dy {x,} c X hgi tu dén diém x € X néu
lim p(x,x,) = p(x, x).
n—-oo

3. Day {x,} c X dugc goi la mot day Cauchy
néu lim p(x,,x,,) ton tai.
n,m—oo
4. Khéng gian metric riéng (X, p) duoc goi la
ddy dii néu moi ddy Cauchy {x,} c X la mot day
hoi tu  dén  mot  diém x€X va
n’lrilriloo P (%)= p(x, X).
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Dinh nghia du6i ddy m¢ rong tir dinh nghia
metric riéng bang lam yecu di dicu kién (2) va bo di
dieu kién (3), (4).

Pinh nghia 1.4. (Karapmar & cs., 2013). Gia
s X 1a mot tap khac rong va gp: X x X —» R sao
chovgimoi x,y,z € X,

1. gp(x,y) = 0.

2. Neu gp(x,x) = qp(x,y) = qp(y,y)

thix =y.

3. qp(x,x) < qp(x,y).

4. qp(x,x) < qp(y, x).

5 qp(x,y) +qp(z,2) < qp(x,2) + qp(z,y).
Khi @6

1. gp duoc goi la mot twa metric riéng trén X
va (X, qp) dugc goi la mot khong gian twa metric
riéng.

2. Day {x,} € X duoc goi la héi tu dén diem
x € Xnéu

lim gp(x, x,) = lim gp(xn, x) = qp(x, x).

3. Déy {x,} c X duoc goi la mot day Cauchy
neu lim gqp(xp, x,) V&  lim gp(xpy, x,) ton
n_7r£—>oo n,n-l—mo
tai. biéu nay tuwong duong voi  lim qp(x,, xp)
n,m—coo
ton tai.
4. Khong gian tua metric riéng (X, gp) duoc
goi la day du neu moi ddy Cauchy {x,} c X la mot
ddy hoi tu dén mot diém x€X va

lim qp(xpm, x,) =
n,m-oo

lim gp(xp, xm) = qp(x, x).

n,m—co

Tu mot twa metric riéng da cho R. Gharibi and
S. Jahedi da thiét 1ap mot s6 metric riéng va tua
metric nhu sau.

Ménh dé 1.5. (Gharibi & Jahedi, 2019). Gid
sur

1. X 1a mét tap khac rong va (X, gp) 1a mét
khong gian twa metric riéng.

2. qp°: XxX— R* xdc dinh boi gps(x,y) =
ap(x,y) + qp(y,x) — qp(x,x) — qp(y,y)
vai moix,y € X.
Khi do:

1. Néu qp(x,y) = qp(y,x) Véi moi x,y € X
thi gp la mgt metric riéng trén X.

2. Cho tya metric riéng gp trén mgt tap X
kh&c rong, nhizng ham so sau la twa metric trén X:

dqp (x,¥) = qp(x,¥) — qp(x, x).
Qqp ' (0 ¥)=qqp 7, %) = qp(y, %) — qp(¥, ¥)-
Tap (0 Y)=qgp (6 Y)- qgp~ " (3, %)
= qp(y,x) — qp(x, x).
Tap (=T, %) = qp(x, ) — ap (v, ¥).

Tur dinh nghia gi4 tri tuyét doi, ching ta c6
dugc bo dé sau.

B6 dé 1.6. Néu a, b € R thi
|a — b| = max{a, b} — min{a, b}.
2. Két qua chinh

Dinh li sau ddy cho thdy mdi quan hé giita
khong gian tya metric riéng va khdng gian metric.

bPinh i 2.1. Gia st (X, qp) 1a mgt khdng gian
twa metric riéng. Voi moi x,y € X, dat
d(x,y) = max{qp(x,y),qp(y, x)}
—min{qp(x,x),qp(y, y)}.
Khi do ta co
1. d la mét metric trén X.
2. Néu grgo X, = x trong khéng gian metric

(X,d) thi lim x,, = x trong khéng gian txa metric
n—oo

riéng (X, qp).

3. Déy {x,}1a mgt day Cauchy trong khong
gian twa metric riéng (X, qp) khi va chi khi day
{x,} 1a mgt day Cauchy trong khong gian metric
X, d).

4. Khong gian tira metric riéng (X, qp) la day
du khi va chi khi khong gian metric (X, d) la day du.
Ching minh. (1) Gia st x,y,z € X. Ta chung
minh d(x,y) = 0. Taco

d(x,y) = max{qp(x,y),qp(y,x)}
—min{qp(x,x),qp(y,y)}

> max{qp(x,x), qp(y,y)}
—min{qp(x,x),qp(y,y)}

> 0.
Tachang minh d(x,y) = 0 & x = y. Thatvay
Néu x = y thi
d(x,y) = qp(x,x) — qp(x,x) = 0.
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Néu d(x, y) = 0 thi max{gp(x, y), qp(y, x)}
= min{qp(x, x),qp(y,y)}.
Taco
min{qp(x,x),qp(y,¥)} < qp(x,y)
< max{qp(x,y), qp(y, x)}

min{gp(x,x),qp(y, y)} < qp(y,x)
< max{qp(x,y), qp(y, x)}.

Suy ra gp(x,x) = qp(x,y) = qp(y,y).
Vay x = y.
Ta chang minh d(x,y) = d(y, x).
That vay
d(x,y)
= max{qp(x,y),qp(y, x)}
—min{qp(x,x),qp(y,y)}
= max{qp(y,x), qp(x, )}
—min{gp(y,y), qp(x, x)}
=d(y, x).
Ta chang minh
d(x,y) <d(x,z) +d(z,y).
Taco
qr(x,¥) < qp(x,2) + qp(z,y) — qp(z, 2).
Do do
d(x,y) = max{qp(x,y),qp(y, x)}
—min{qp(x,x), qp(y, y)}.

< max{qp(x,z) + qp(z,y)
—qp(z,2),qp(y,z) + qp(z,x)
—qp(z,2)}

—min{qp(x, x), qp(y, y)}

= max{qp(x,z) + qp(z,¥),qr(y, z) + qp(z,x)}
—qp(z,2)

—min{qp(x,x), qp(y,¥)}
< max{ qp(x, z), qp(z,x)}
+max{ qp(z,y),qp(y, 2)}
—qp(z,z) — min{qp(x, x), qp(y,y)}-
Ta ching minh
qr(z,z) + min{qp(x, x), qp(y,y)}
= min{qp(z,2),qp(y,y)}
+min{qp(x,x), qp(z, 2)}. )
That vay

Néu gp(z,z) < qp(x,x)
vaqp(z,2z) < qp(y,y)
thi min{gp(x, x), qp(y, y)} = qp(z, 2).
Khi d6 qp(z, z) + min{gp(x, x), qp(y, y)}
> qp(z,2) + qp(z,2)
= min{qp(x, x), qp(z, 2)}
+min{qp(z,z), qp(y, y)}.
Néu qp(z,z) < qp(x, x) va
qpr(z,z) > qp(y,y) thi
qp(z,z) + min{gp(x, x),qp(y, y)}
=qp(z,2) + qp(y,y)

= min{qp(z,2),qp(y,y)}
+ min{qp(x, x), qp(z, 2)}.

Néu qp(z,z) = qp(x, x) va
qr(z,z) = qp(y,y) thi
qr(z,z) + min{qp(x, x), qp(y,y)}
> qp(x,x) + qp(y,y)
=min{qp(z,2),qp(y,y)}
+min{qp(x, x), qp(z, 2)}.
Néu qp(z, z) = qp(x,x) va
qr(z,2) < qp(y,y) thi min{qp(x,x),qp(y,y)} =
qp(x, x).
Khi d6
qr(z,z) + min{gp(x, x), qp(y, y)}
= qp(z,z) + qp(x, x)
=min{qp(z,2),qp(y,y)}
+min{qp(x,x), qp(z, 2)}.
Suyrad(x,y) <d(x,z) +d(zy).
Vay d la mot metric trén X.
(2). Gia su lggo X, = x trong khong gian metric
(X, d). Khi do lim d(xy, x) = 0.
Khi d6, theo Bb dé 1.6 ta co
0 < lgp(x, x,) — qp(x, x)|
= max{qp(x, x,), qp(x, x)}
—min{qp(x, x,), qp(x, x)}
< max{qp(x, x,), qp(xn, x)}
—min{qp(xn, X,), qp(x, x)}
= d(xp, X).
Suy ra lim |qp(x, x,) — qpCx, x)| = 0
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hay lim qp(x, x,) = qp(x, x).

Mat khac, theo B6 dé 1.6 ta co

0 < lgp(xn, x) — qp(x, x)|

= ma x{qp(xp, x), qp(x, x)}

— min{gp(xp, x), gp(x, x)}

< max{qp(xn, x), qp(x, x,)}

—min{qp(x,, %), qp(x, x)}

= d(x,, x).
Suy ra lim [gp(xn, x) — qp(x, x)| = 0
hay lim qp(xn, x) = qp(x, x).
Vay lim gp(x, x,) = lim qp(xn, x) = qp(x, x).
(3). (=). Gia str {x,,} la day Cauchy trong (X, gp).
Khi d6 ton tai a € R sao cho

lim qp(x,, xm) = lim qp(x,, x,) =a.
m,n—oo m,n—co

Suy ra

lim gp(x,, x,) = lim qp(x;, Xm) = a.
n—-oo m—oo
Taco

lim d(xp, xp)
m,n—oo

= lim (max{qp(xn, Xm), qp(Xm, %n)}
- min{qp(xn: xn): qp(xm' xm)})
=a—a=0.
Vay {x,}la day Cauchy trong khéng gian metric
X, d).
(<).Gia str {x, } 1a day Cauchy trong khéng gian
metric (X, d). Khi do, véi & = % khi do ton tai
ny € N sao cho d(x,, x,,) < % véi moi m,n > n,.
Tacé
0 < qp(xp, xn)
= qp(xp, xn) — qp(xnotxno) + qp(xnolxno)
< |qp(xn:xn) - qp(xnorxn0)| + qp(xno'xno)
< max{qp %y, %), g0 (Xng) Xn, )}
- min{qp (xn: xn): qp(xno' xno)}
+ qp(xny Xn,)
< max{qp (xn, xno), qp(xno, xn)}
- min{qp(xnt xn)t qp (anJ xno)}
+ qp(xno’xno) < d(xn’ xno) + qp(xno’xno)
< 2d(xp, %n, ) + qp(Xng, Xn,)
<1+ qp(xno,xno).

Suy ra { qp(xp, x,,)} bi chan trong R. Do do
ton tai a € R sao cho day con { gp(xy,, X, )} hoi
tu vé a. Vi {x,} la diy Cauchy trong khong gian
metric (X, d) nén vai moi € > 0, ton tai n, € N sao
cho véi moi m,n >n,, d(x,, x,) < % Khi d6
theo B6 dé 1.6 ta co

lap (e, xn) = qp (X, X)) |

= max{qp(xn, Xp), qp (Xm, Xm)}

—min{qp (xn, Xn), P (Xm, Xm)}

< max{qp(xXn, Xm), qp O, Xn)}

—min{qp Xy, Xp), a0 Xy, X1)

< d(xp X)) < 2d(x, X)) <E.

Suy ra dady { qp(x,, x,)} la day Cauchy trong
R. Do d6 71i_r)£10qp(xn, Xn) = a.

Mat khac ta c6

Imax{qp(xn, xm), qp(xm, x,)} — al
< |max{qp(xn, Xm), qp (Xm, %)}
- min{qp (xn' xn)' qp (xm' xm)}l
+ |min{qp (xn' xn): qp(xm: xm)} —al
= d(xn' xm) + |mln{qp (xn' xn)! qp (xm' xm)} —al.
Vi lim gp(x,, x,) = a nén
n—oo

Lim |max{qp(xy, Xm), ap (X %)} — al = 0.
Suyra lim gp(x,, xp) = a.
n,m-—co

Vay {x,} la ddy Cauchy trong khdng gian tua
metric riéng (X, gp).
(4). (). Gia st khdng gian metric (X, d) 1a day
du. Lay {x,} la diy Cauchy trong khéng gian tua
metric riéng (X, gp). Theo (3), ta suy ra {x,,} la day
Cauchy trong khéng gian metric (X,d). Vi khéng
gian metric (X, d) 1a day du nén

limx, =x
n—-oo

trong khéng gian metric (X, d). Mat khéc, theo (2)
ta co lim x,, = x trong khéng gian tya metric riéng

n—oo

(X, gp). Ta can chang minh
qp(x,x) = _lim qpQxm, x,)

m,n—oo
= lim qp(xXy, Xm)-

m,n—oo

Vi o ton  tai lim qp(x,, x,) va

n,m—oo
lim gp(xp,, x,,) Nén ta chi can chiing minh
n,m—co

T{% qp(xn, x,) = qp(x, x).
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Vi limx, =x trong khbng gian metric
X, d) nénn\z;? moi & > 0, ton tai ny, € N sao cho
d(x,,x) < 2 v6i moi n > ngy. Khi d6, theo B6 dé
1.6taco
lap (o, xn) — qp(x, )|

= max{qp(xn, x,.), qp(x, x)}
— min{qp(xy, x,), qp(x, X)}

qp(xn, xn),}

max{qp(xn, xn)' qp (x' X)} + mln{ qp(x’ x)

2
— min{qp (X, x,), qp(x, x)}]

qp(xpn, x,) + qp(x, x)
2

—min{qp(xp, xn), qp(x, x)}]

< 2[qp(xpn, x) — min{qp (xy, x,), qp(x, x)}]
< 2[max{qp(x,, x), qp(x, x,)}
— min{qp (x,, x,), qp(x, x)}]

=2d(x,, x) < e.
Diéu nay ching to lim qp(x,,, x,) = qp(x, x).

=2[

=2[

Vay khong gian tya metric riéng (X, qp) la
day du.

(=).Gia st khong gian tuya metric riéng
(X,qp) day du. Lay {x,} la ddy Cauchy trong
khong gian metric (X, d). Theo (3), ta suy ra {x,}
la ddy Cauchy trong khdng gian tua metric riéng
(X, gp). Vi khbng gian tya metric riéng (X, gqp) la
day du nén

gp(x,x) = _lim qp(xpm,x,)
m,n—oo

= lim qp(x,, Xn)-
m,n—oo
Mit khac
qp(x,x) = lim qp(x, x,) = Lim qp (xn, X).
Taco
d(xp, x) = max{qp(xn, x), qp(x, x,,)}
—min{qp(xn, xn), qp(x, x)}.
Vay
lim d(x,, x)
n—oo
= lim_(max{qp(ay,x), qp(x, )}
—min{qp(xn, xn), qp(x, x)})
= qp(x,x) — gp(x,x) = 0.
Khi d6 limx, =x. Vay khbéng gian tua
n—-oco N
metric riéng (X, qgp) day du.

8

Dinh 1i sau ddy cho thdy mi quan hé giira
khdong gian tua metric riéng va khong gian
metric riéng.

binh li 2.2. Gia st (X, qp) 1a mgt khdng gian
twa metric riéng. Véi moi x,y € X, dat

p(x,y) = max{qp(x,y), qp(y, x)}.

Khi do ta co

1. p la mgt metric riéng trén X.

2. Néu limx, = x trong khéng gian twa

n—->oo
metric riéng (X,qp) thi lim x,, = x trong khong
n—-oo

gian metric riéng (X, p).

3. Day {x,}la mgt ddy Cauchy trong khong
gian twa metric riéng (X, qp) khi va chi khi day
{x,} la mgt day Cauchy trong khéng gian metric
riéng (X, p).

4 Néu khong gian tya metric riéng (X, gp) la
day du thi khdng gian metric riéng (X, p) la day du.

Chang minh. (1) Gia st x, y,z € X. Ta chung minh

p(x,x) =px,y) =p,y) ©x=y.
That vay, gia st

p(x,x) =p(x,y) =p(Q, ).
Suy ra max{qp(x, x), qp(x, x)}

= max{qp(x,y), qp(y,x)}
= max{qp(y,y), qp(y, ¥)}.

Khi d6 ta co

qp(x,x) = max{qp(x,y),qp(y,x)} = qp(y,y). (1)
Vi
qp(x,x) < qp(x,y) < max{qp(x,y),qp(y,x)}
ap(,y) < qp(y,x) < max{qp(x,y), qp(y, x)}
nén tor (1) ta suy ra gqp(x,x) =qp(x,y) =
qp(y,y).Suyrax = y.
Tiép theo, gia sa x = y. Khi d6
max{qp(x, x), qp(x, x)}
= max{qp(x,y),qp(y, x)}

=max{qp(y,y), qp(y,y)}.
Suyrap(x,x) =p(x,y) =pQ,y).
Ta chang minh p(x, x) < p(x,y). That vay
p(x, x) = max{qp(x, x), qp(x, x)}
< max{qp(x,¥), qp(y, x)} = p(x, y).
Ta chang minh p(x,y) = p(y, x). That vay
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p(x,y) = max{qp(x,y), qp(y,x)}
=max{qp(y,x), qp(x,y)}
=p(, x).
Ta ching minh
p(x,z) <plx,y) +p(,2) —p(,y).
That vay
p(x,z) = max{qp(x, z), qp(z, x)}
< max{qp(x,y) + qp(y,2) —
ar(,¥),qp(z,y) + qp(y,x) — qp(y,¥)}

< max{qp(x,y) + qp(y,2),qp(z,y) + qp(y, %)}
—qp(y,y)

< max{gp(x, y), qp(y, x)}
+max{qp(y,z),qp(z,y)}
—apr(y,y)
< p(,y) +p(,2) —p(y, ).
Vay p la mot metric riéng trén X.
(2). Gia str Agﬂlox" = x trong khong gian tua
metric riéng (X, gp). Khi d6 ta co
lim gp(Cx, xn) = lim gp(xn, x) = qp(x, x).
Do do
Lim p(xn, ) = lim (max{qpen, x), qpx, %))

= max{qp(x, x), qp(x, x)}
= p(x, x).
Vay limx, =x trong khong gian metric
n—-oo
riéng (X, p).
(). (=).Gia sir {x,}la day Cauchy trong
khong gian tya metric riéng (X, gp). Khi d6 ton tai
a € R sao cho

lim qp(x,, xm) = lim qp(x,, x,) =a.
m,n—oo m,n—oco

Suy ra
lim pQxy, x,)
m,n—coo
= _Um max{qp(xn, Xm), qp(Xm, Xn)}
= a.
Vay {x,} la ddy Cauchy trong khdéng gian
metric riéng (X, p).

(). Gia st {x,} la ddy Cauchy trong khong gian
metric riéng (X, p). Khi do ton tai

c € Rsaocho lim p(x,,, x,) = c.Vay
m,n—oo

lim qp(xy, x,) = lim p(x,, x,) =c.
n—oo n—oo

Mat khac
qp (xn, xn) < qp(xn, Xm)
< max{qp(xXn, Xm), G (Xm, Xn)}-
Khi do
¢ = lim qp(xn, x,)

< lim qp(xy, xXm)
n,m-co

< lim_(max(qpQen, Xm), qp Gem, 2)}) =c.

Suy ra
c < lim gp(x,,xy) <c.

n,m-co
Vay lim qp(xp, xm) = c.

n,m-—-oo
Tuong tu ta c
qp(xn, X)) < qp(xm, xp)

< max{qp (X, Xm), qp (X, X5) }-

Khi d6
c = lim qp(xp, x,)

n—-oo
< lim qp(xm,xn)

n,m-co

< lim_(max{qpCen ), 4pCom, X)}) = .
Suy ra

c< lim gp(x,, x,) <c.
n,m-oo

Vay lim qp(xpy, x,) = c.
n,m—oco

Te nhang lap luan trén ta cé
lim gp(xp, xm) = lim gp(xy, x,) =c.  Vay
n,m-oo n,m-—oo
{x,}1a day Cauchy trong khéng gian twa metric
riéng (X, gp).
(4). Gia st khong gian tgya metric riéng
(X, qp) 1a day du. Lay {x,} la ddy Cauchy trong
khong gian metric riéng (X, p). Theo (3) ta suy ra
{x,} la day Cauchy trong khong gian twa metric
riéng (X,qp). Vi khong gian tya metric riéng
(X, qp) 1a day du nén lim x,, = x trong khong gian

twa metric riéng (X,qp). Theo (2) ta suy ra
lim x,, = x trong khdng gian metric riéng (X, p).

n—oo
Mt khac, vi khong gian tya metric riéng (X, gp) 1a
day du nén

lim qpQen, xm)
n,m—co

= lim gp(xpm,x,) = qp(x, x).

n,m-coo
Taco
lim p(xp, xm)
n,m—-oo
= lim_(max{qp(n, %m), a0 (o, X))

= qp(x,x) = p(x, x).
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{x,} la day Cauchy trong khdng gian metric
riéng (X, q). Vay khdng gian metric riéng (X,p) la
day du.

Vi du sau minh hoa cho nhitng két qua dat
duoc phia trén d6i véi tya metric riéng trong Vi du
3.5 trong tai liéu (Gharibi & Jahedi, 2019).

Vi dy 2.3. Gia sr X = {0,, 1} va ham
gp: X X X - R* x4c dinh bai
2x+y+2, x #
qr(x,y) = {1, Y X 2 .
Khi @6
1. gp la mot twa metric riéng trén X.
2. Metric d trong Pinh li 2.1 duoc xac
dinh nhu sau
0, x=y
5 1 1
7 enefos) Go)
3, (xy)€{(0,1),(1,0)}

3 wnelE)(13)

3. Metric riéng p trong Dinh li 2.2 dugc Xac
dinh nhu sau

d(x,y) =

xX=Yy

7 enel(03)59)

PEYI =14 (xy) € ((01),(10)}
13 1 1
3 enefz) (7))

Giai. (1). Theo Vi du 3.5 trong tai liéu
(Gharibi & Jahedi, 2019) thi gp la mot tya metric
riéng trén X.

(2). Néu x = y thi
qp(x,y) = qp(y,x) = qp(x,x) = qp(y,y) = 1.
Khi @6 ta co

d(x,y) = max{qp(x,y),qp(y,x)}
—min{qp(x,x),qp(y, )}

=max{1,1} —min{1,1} =1—-1 = 0.
Néu (x,y) = (0,3) thi
(,9) = 2, qp,%) = 2
ap\x,y) = 3,qp Y, x)= 3
vaqp(x,x) = qp(y,y) = 1. Khidé taco

d(x,y) = max{qp(x,y),qp(y,x)}
—min{qp(x,x),qp(y,y)}

10

Néu (x,y) = (go) thi

(5,9) = 2, ap(3, %) = =

qp xly —S;QP Y;x _3

vaqp(x,x) = qp(y,y) = 1. Khi d6 ta cé
d(x,y) = max{qp(x,y), qp(y, %)}

7
= max {5’5} —min{1,1}
8 5
3 3

Néu (x, y) = (0,1) thi
qr(x,y) =3,qp(y,x) = 4
vaqp(x,x) = qp(y,y) = 1. Khi d6 ta co
d(x,y) = max{qp(x,y), qp(y, x)}
—min{qp(x,x),qp(y,y)}
= max{3,4} — min{1,1}
=4-1=3.
Néu (x,y) = (1,0) thi
qr(x,y) =4,qp(y,x) =3
vagp(x,x) =qp(y,y) =1. Khi do6 ta

d(x,y) = max{qp(x,y), qp(y,x)}
—min{qp(x,x),qp(y, )}
= max{4,3} —min{1,1} =4 -1 = 3.
Néu (x,y) = (% 1) thi
(xy) = 11 ,x) = 13
qapvix,y) = 3 qp\Y, X) = 3
vaqp(x,x) = qp(y,y) = 1. Khi d6 ta co
d(x,y) = max{qp(x,y), qp(y, x)}
—min{qp(x,x), qp(y, )}
11 13
3’3
13 10
=—_1

= max{ } —min{1,1}

3 3
Néu (x,y) = (1,5) thi

13 11
qp(x,y) = g,qp(y. x) = 3

vagp(x,x) = qp(y,y) = 1.

co
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Khi d6 ta co

d(x,y) = max{qp(x,y),qp(y,x)}

—min{qp(x,x),qp(y,y)}

= max {?,%1} —min{1,1}

13 10
= ? —-1= ?
Tur nhitng tinh toan trén, ta ¢ metric d trong
Pinh 1i 2.1 duoc xac dinh boi
0, xX=y

5 1\ /1
=, (xyeilos).35,0
d(x,y) = |133(3 (;i) € %13))(530)1})}
5 enefz)(13)
(3). Néux =y thi

qp(x,y) = qp(y,x) = 1.
Khi @6 ta cé

p(x,y) = max{qp(x,y), qp(y, x)}
= max{1,1} = 1.

Néu (x,y) = (0, ;) thi

ap(x,y) =2 vaqp(y,x) =

8
3

Khi @6 ta co
p(x,y) = max{qp(x,y), qp(y, x)}
_ {7 8} _ 8
= max 33/ =3
Néu (x,y) = (§ O) thi qp(x,y) =
8 3 (y,x) = 7
s vagp(y,x) =3
Khi do ta co
p(x,y) = max{qp(x,y), qp(y, x)}
_ {8 7} _ 8
= max 3, 3 = 3
Néu (x,y) = (0,1) thi
qp(x,y) =3vaqp(y,x) = 4.
Khi do6 ta co
p(x,y) = max{qp(x,y), qp(y, x)}

= max{3,4} = 4.
Néu (x,y) = (1,0) thi
qp(x,y) = 4vaqp(y,x) = 3.
Khi do6 ta co

p(x,y) = max{qp(x,y),qp(y,x)}
= max{4,3} = 4.

Néu (x,y) = (3,1) thi
1

11 . 3
qp(x,y) = - vaqp(y,x) = -

Khi d6 ta co
p(x,y) = max{qp(x,y),qp(y,x)}
B {11 13} 13
= max 33T 3"

Néu () = (1.3) thi

13 . 11
qp(x,y) =+ va qp(y,x) = -

Khi d6 ta co
p(x,y) = max{qp(x,y), qp(y, x)}
B {13 11} 13
= max 33T 3"

Tur nhitng tinh toan trén ta cé metric riéng p
trong Dinh li 2.2 dugc xac dinh bai

1, xX=y

5 eef(03) o)

PEY) =14 (xy) € {(01), (1,0))

7 ee{51)03)

Vi du sau minh hoa cho nhing két qua dat
dugc phia trén doi vai tya metric riéng trong Vi du
2.5 trong tai liéu (Gharibi & Jahedi, 2019).

Vidu 2.4. Giast X = R vaham

qp(x,y) = |x — y| + |x].

Khi d6

1. gp 1a mot tya metric riéng trén X.

2. Metric d trong Pinh li 2.1 dugc xac dinh
nhu sau

lx =yl +IxI=1lyl,  |x| >yl
d(x, ={
N =Ny —xl+ 1yl 12l el <yl
3. Metric riéng p trong Dinh li 2.2 dugc Xac

dinh nhu sau
lx—yl+1Ixl, x| > [yl
xX,y) =
P =l el = bl
Giai. (1). Theo Vi du 2.5 trong tai liéu
(Gharibi & Jahedi, 2019) thi gp 1a mot tua metric
riéng trén X.

11
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(2).Giastrx,y € X. Taco
qp(x,y) = |x — y| + |x|,
ap(y,x) =y — x|+ |yl,

qp(x,x) = |x|,qp(y,y) = |yl
Khi @6 ta cé

d(x,y) = max{qp(x,y), qp(y, x)}
—min{qp(x, x),qp(y,¥)}
= max{|x —y| + |x|, [y — x| + |y}
—min{|x|, |y[}
_ {Ix —yl+ixl=lyl, x| >yl
ly —xl+ 1yl —lxl,  [x] <]yl
(3). Ta cd gplx,y)=Ix—yl+I[x] va
ap(y,x) = |y — x| + |y|. Khi d6 ta co
p(x,y) = max{qp(x,y), qp(y,x)}
= max{|x —y| + |x|, [y — x| + |y}
_ {Ix =yl +Ixl, |x[ >yl
ly = x|+ 1yl |x| < lyl.

Lién quan dén Pinh 1i 2.1 va Binh Ii 2.2,
chiing t6i dat ra cu hoi mo sau.

Cau héi 2.5. Cac chiéu nguoc lai trong Pinh
li2.1. (2) va Dinh li 2.2. (2), Binh li 2.2. (4) c6 xay
ra hay khéng?

3. Két luan

Trong bai bao nay, ching toi da xay dung mot
metric va mt metric riéng xuat phat tor mét twa
metric riéng. Thiét 1ap va chiing minh moi quan hé
gitta day hoi tu, day Cauchy va tinh day du cua
chlzmg. bac bié‘g,chfmg to1 da d}Ia ra mot so vi du
nham lam rd két qua chinh. K&t qua bai viét co y

12

nghia khoa hoc va thuc tién, 1a tai liéu tham khao
tot cho sinh Viér}, hoc vién cao hoc va nhiing ai
dang quan tdm dén mang nghién ctu nay.
_ Loi cam on: Nghién ctru nay duoc ho trg boi
dé tai nghién ctiru khoa hoc cua sinh vién Truong
Dai hoc Bong Thap ma s6 SPD2020.02.02.
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