TRUGNG DAI HOC PONG THAP

Tap chi Khoa hoc s6 19 (4-2016)

DINH Li PIEM BAT PONG VOI BIEU KIEN CO KIEU PATA SUY RONG
TRONG KHONG GIAN »-METRIC SAP THU TU

e Bui Thi Ngoc Han®), ThS. Nguyén Trung Hiéu"

Tém tit
Trong bai bdo ndy, ching toi mo rong diéu kién co kiéu Pata suy rong trong bai bdo [7] sang khong
gian b-métric sdp thir tw va thiét ldp dinh Ii diém bdt déng cho diéu kién co méi. Pong thoi, chiing toi
suy ra mot $6 hé qua twe dinh li va xay dung vi du minh hoa cho két qua dat duwoc.
Tir khéa: diém bdt dong, khong gian b-métric sap thir tu, diéu kién co kiéu Pata suy rong.

1. Mé dau

Trong nhiing niam gan day, viéc thiét lap
nhitng m¢ rong cua Nguyén li 4nh xa co Banach
trong khong gian métric ddy du thu hut sy quan
tAm nghién ctru ctia nhiéu tac gia trong va ngoai
nude. Bang cach tong quat khai niém khong gian
métric, nhiéu khai niém khong gian métric suy
rong da duoc gioi thiéu nhu khong gian métric sap
ther tu, khong gian métric noén, khong gian b-
meétric, khong gian b-métric sap thi tu [2].

Bén canh viéc dé xuét nhimng khong gian
métric suy rong, nhidu tic gia di thiét 1ap nhing
diéu kién co suy rong [4]. Nam 2011, Pata [8] da
gidi thi€u mot diéu kién co suy rong mdi va dugc
goi la diéu kién co kiéu Pata, déng thoi, mot sb
két qua vé diém bat dong cua diéu kién co nay
cling duoc thiét 1ap. Ké tir d6, nhitng md rong
cua diéu kién co kiéu Pata trén khong gian métric
cling nhu khong gian métric suy rong cling duoc
nhiéu tac gia quan tim nghién ctru. Nam 2014,
Balasubramanian [3] dé thiét 1ap dinh 1i diém bt
dong cho 4nh xa kiéu Pata trong khong gian
métric non déy du, Eshaghi va cong sy [6] cling da
thiét 1ap mot s6 két qua diém bat dong kép cho diéu
kién co kiéu Pata trong khong gian métric day du
sap thi tu, dong thoi, viée wéc luong toc do hoi tu
ctia diy 1ap vé diém bat dong kép ciing duge gidi
thi¢u, Kadelburg va cong su [7] da khao sat diém
bat dong ctia diéu kién co kiéu Pata suy rong trong
khong gian métric sap thir tu.

Trong bai bao nay, chung t6i mo rong két qua
vé diém bat dong cua diéu kién co kiéu Pata suy
rong trong khong gian métric sap thir tu trong bai
bao [7] sang khong gian b-métric sap thir tu.
Pong thoi, ching toi van dung dinh 1i dugc thiét
lap dé khao sat su ton tai nghiém cua phuong
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trinh tich phan phi tuyen Trudce hét, chung toi
trinh bay mét s6 khai niém va két qua co ban dugc
st dung trong bai béo.

Pinh nghia 1.1 ([5]). Cho X 1a mot tap hop
khac rong va d : X x X — [0,00) 1a mot anh xa
thoa man cac diéu kién sau voi moi 7, v,z € X
vavoi s > 1,

(1) d(z,y) = 0 khi va chi khi = = .

(2) d(z,y) = d(y,z).

(3) d(z,y) < s(d(z, 2) + d(2,y)).

Khi d6, anh xa d duogc goi la mot b-métric
trén X va bd (X,d,s) dugc goi 1a mot khong
gian b-métric.

Pinh nghia 1.2 ([5]). Cho (X,d,s) 1a mot
khong gian b-métric. Khi do

(1) Day {z } dugc goi la hoi tu dén z néu
lim d(z ,z) = 0, ki hi¢ula lim z = =.

n—oo n—oo

(2) Day {z } dugc goi la day Cauchy néu
hm d(z ,z_)=0.

(3) Khong gian (X,d,s) dugc goi la ddy du
néu mdi day Cauchy 1a mot diy hoi tu.

Luu ¥ rang, mdi métric 13 mot anh xa lién
tuc. Tuy nhién, diéu nay khong dung ddi véi
b-métric [2]. B6 d& sau duoc dung dé khic phuc
tinh khong lién tuc cia b-métric trong nhiing
chimg minh ¢ phan sau.

B6 dé 1.3 ([1], Lemma 1). Cho (X,d,s) la
mot khong gian b-métric va hai day {z },{y, }
lan luot héi tu dén x,y. Khi @6

s%d(m y,) < limsupd(z, ,

y )= 0. Hon

,9) < liminfd(z y,) < s°d(z,y).
Ddc biét, néu © =1y thi lim d(xn,
n—oo

nita, voi moi z € X, ta co

1d(a;, z) <liminfd(z ,z) <limsupd(z ,2) < sd(z, z).

S n—00 n—00
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B6 dé sau duoc sir dung trong chimg minh
két qua chinh. . )
Bo dé 1.4. Véi o > 1, ton tai hai so duwong

a,b théaman 1+ z)" <az" +b véi moi x > 0.

Chirng minh. Xét 2z2>1, ta co
i 1 .
T =[14+—| <2% Suy ra (1+az)" <22
x x

Xét 0 <z <1, ap dung Dinh li gia tri trung binh
cho ham sb f(t)=1t" trén [z,z +1], ton tai
c€(zz+1) & flx+1)— f(z) = f'(c). Hay
(1 + x)a o a:u — OéCu71 < 042071.
(1+2)" <2* +a2"". Chon a >2",b>a2"", ta
co (1+2)* <az” +b.

2. Cac két qua chinh

Ki hieu ¥ 1a tap hop cac ham s
1 :[0,1] — [0,00) ting va ¥(0) = 0. Dinh li sau
1a mdt mé rong cua [7, Theorem 3.2] sang khong
gian b-métric sap thu tu.

Pinh li 2.1. Cho (X,d,s,=<) la m¢t khong
gian b-métric sap thir tw ddy dii vaT: X —X
la mot anh xq tang thoa man cac diéu kién sau:

(1) Ton tai z, sao cho x, = Tx,.

(2) Ton tai o> 1,8 €[0,a],7 >0 va ham
Y € ¥ sao cho

Suy ra

AT, Ty) < 2= H (1,3) 2.1)
S

Fe" (@)1 + d(z,z,) + d(y.z,) + d(Te,z,) + d(Ty.z,)|
vdi moi € €10,1] va moi x,y € X ma x <y,
trong do
H,(z.9) = max{dw, o)t i), ), AT AT,
d(T’z,z) + d(T’z,Ty)
2s
(3) T lién tuc hoac (X,d,s,=) théa man

gid thiét (H): Néu {z } la day tang trong X va

,d(T2z,Tz),d(TQI,y),d(TQx,Ty)}.

limmlzxeXthixnj:vvé'im_oin.

n—o0

lim T"2z. = 2 € X va z la diém

0
n—oo
bat dong cua anh xa T.
Ching minh. Véi

Khi do,

T, € X thoa man

z, 2 Tz, xét ddy {z } trong X xac dinh boi
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z, =Tz = T"z, v6i n € N. Do T la dnh xa

tdng nén
& 3 =T =T =g, T, =g, 3T =. 3, =z, <.
Do do, {z } la ddy tang. Gia su ton tai

no c N sao ChO l — x" 41 thl xno = Taj"n hay

0 0

2 1a diém bat dong cia T. Do do, ta gia s

z, =z , voi moi ne€N. Ta ching minh
{d(z ,z, +1)} la day giam. Gia st ton tai k € N*
1) <d(z,z,, ). Khido, trong

thay = boi z, ,y boi =z

sao cho d(z,

2.1),

s
K = 7[1+d( Tp_y» 0)+2d($k’$0)+d( k10 0)] >0,
ta cod

k? k+1

. va dat

d(z,,x, ) =d(Tz,_,Tz,)
1;,5[1’( @)+ Ke"y(e),
trong do
H(z, )
=max{d(z, ,2,),d(x, ,z,),d(x, %)’d(% o k+12)8+d(z )
dz,,,,z, ) +d

T ,y)
T Ve
% =, 5).dx,,1),dx,, 5, )

=max\d(z, ,7,),d,z,, ), W] d(z,,z, ).
s
Khi do
1—¢ o
d(l‘k7 ‘Tk+1) S 82 d($k7 xk+1) + KE 1/}(5)

<(—e)d(z,,z,,, )+ Ke"(e).
Suy ra ed(z, ,z,) < Ke"Y(e) < Kei(e).
Do d6 eld(z, ,z,)— Ki(e)| <0 voi moi
e €[0,1]. Vi vay d(z_,,z,)— Ki(e) <0 voi
moi e€[0,1]. Pitu nay din dén
d(z, ,z,) < Ki{(e) véi moi € €[0,1]. Cho

e =0, tadugc d(z,_,,z,) < K1(0) = 0. Suy ra

R
d(z,_,r.)=0. Diéu nay 1a mot mau thuin. Do
do, {d(z ,z )} la day giagm. Khi d6, ton tai
d>0 @& lmd,z, )=d. Pa

¢, =d(z,,z,). Vi{d(z ,z )} laddy gidm nén
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d(l’n’xrwl) S d(xn 1’ ) S
Do do6
d(xn, :131) + d(xo, T +1) < sd(xn, xo) + sd(xo, xl)

+ sd(a:o, xn) + sd(a:n, T +1)

S<d(z,z)=c. (22)

<2s(c, +c, ). (2.3)
Ta cling c6
d($1+2 n)+d( +2’ )< Sd( n+2’ n+l)+5d( n+1? In)+5d(x1+2 Inﬂ)
+$d(z T, 0T )+s d(z 7)) +s d(?:l) )
<@Bs+s" +5°) + 5%, (24)
Tuong tu, ta co
d(a:n+2,x())§(s+s )c -l—sc yd(x ia) 1)
<(s+8 +5')c +s’c . (2.5)

Tu (2.1), (2.2), (2.3), (2.4) va (2.5), ta co

c, =d(z,,x,)
<sd(z,,z,,)+s Yd(z, L T) s Yd(z,,z,)

<(s+s )(‘ +s°d(Tz, . Tx,)

<(s+5 Je, + 8 - u‘)(s)[l +d(z,,2) +d(z, 7))+ d(z,7, )}

]H (2,,3,) + s"9="

<(s+5)e + 0 [(b +5° +5")e, +5% ]+ s‘z';/s”'l‘i/'(e)[l +(1+s)e, +(1+s), ]/

1 1 a
<SA+=+S+s+8) +1—e), + 82’)5"74‘)'(5)[1 +(1+ s)c]]
s s

Do do

1+

1+s ¥
L+ (1+s)e, e

1

1 . , " 1
ec, <(I+=+-5+s+5)q +sws“¢)(g)[1+(1+s)cl} +s
S S

c
14+ +s) "

1+

Ap dung B6 dé 1.4, suy ra ton tai hai sb
duong h,k sao cho

ec, < he"P(e)c’ + k. (2.6)
Gia st {c } khong bi chin. Khi do, ton tai

ddy con ¢ — oo thoa méan (2.6). Chon
1+ k 1+Ek| [14+k
€= a , ta co 1+k<hl— + wi ¢ +k
c ¢, ¢ |"
" 5 s a 14k
Didu nay din dén 1< h(1+k) ¢|—L=| Vi
C
a 14k
¢, oo mén 1<h(L4k) || 0.
; ¢

Diéu nay 1a mot mau thudn. Vay {c } 1a day bi
chan. Mit khac, tu (2.1), ta co

d(ar”,arw) =d(Tx, Tz, )

1_¢
S%d(w” ,x) +e"Y(e )[l+d(z )+ 2d(z,,2,) + d(z,,,,7,) ]1,

0T
S

Do {c_} bichinnén tontai M >0 sao cho

¢, < M véimoi n € N. Do do,

6
[1+d(mn71,3:0)+2d(:v",:v0)+d(mnﬂ,xo)] <(1+44My.
bit K = ~(1+4M)" > 0. Tacé
< 1—¢

) S5
S

Cho n — oo, tacd
* 1—8 * a
d <— (€)
s
Suy ra ed < Ke®(e) < Kep(e). Do do,
eld” - Ku(e)| <0 voi moi e €[0,1].Vi vay

d(z .z d(z, _,z )+ Ke"Y(e).

n’?

<(1—e)d + Ke"Y(e).

d — Kip(e) <0 v6i moi € €[0,1]. Didu nay
ddn dén d < K(e) v6i moi e €[0,1]. Cho
e=0,taco d < Kip(0)=0. Vivay d =0.
Tiép theo, ta chimg minh {z } la day
Cauchy. Gia s nguoc lai {z } khong la day
Cauchy. Khi d6, ton tai 6 >0 va hai diy con
{z,, }:{z, .} saocho
m(k) > n(k) > k. (2.7)
V6i mdi kon(k) ta gia s m(k) 1a sb
nguyén duong nhd nhat théa man (2.7) va

d(xn(k),xm(k)) > 6. (2.8)
Suy ra
d(x,rl’(k),xm( Bt ) <é. (2.9
Khi do, tir (2.8) va (2.9) ta co
0 < d( m(k))
<sd(, ., ) Fsdx,, 2,,) (2.10)

< 86 +sd( A m(k)).
Cho k — oo trong (2.10), ta co

limsupd(z, .z, ) < sb. (2.11)
k—o0
Tuong tu, ta cling c6
6 < d( n(L m(k ) < Sd(fl} k)’ ) +Sd( +17 (k) (2 12)
Cho k& — oo trong (2.12), ta cod
o
hr;?j;lpd( o &, (k)) 2; (2.13)
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Ta cling co
d(%k)’xm(k) )< sd(x 0> L) )—i—sd(:c k)’ m(k)q)' (2.14)

Cho k— oo trong (2.14) va su dung
(2.11),taco

limsupd(z,

k—00

E (2.15)

(k) )L m(
Tuong tu, ta co
d(xm(k)—l’xn(k)ﬂ) Sd( n(k )+Sd( n(k)’ n(k +l) (2 16)

Cho k— o0 trong (2.16) va su dung
(2.15),taco

m I

2
lim sup d(z (k)1 ) <86 (2.17)
k—00
Taco
d(wuu-)ﬂ’w (z)) < sd(z, (k)42 k)+1) +s d(L By ”u(zv)) + szd(z”w,xwm_)).

(2.18)
Cho k — oo trong (2.18) va su dung
(2.11),taco

lim sup d(a:

k—o00

3
+2’xm(k)) S §°0.

(2.19)

Tuong tu, ta cling co
d( L2 Lot ) sza(x(kﬂ, (k+1)+szd($u>+1’ (k))JFSd(xu I(Ll (2 20)
Cho k — oo trong (2.20), ta c6

3
hrknj)llp d(z, (0422 T (k)fl) <%0, (2.21)
Mat khac, trong (2.1), thay z boi o va y
boi iy B co
1—
d(Txn(k)’Txm(k)—l) <— z Hs(zn(k)’xm(k)—l)

"
ﬂgaw(a)p +d(z,,),7,) +d(z

)+ (@) +d(, )]
Do {c } bi chin nén ton tai M >0 sao cho
¢, < M vé6imoi n € N. Do dd

g ;
[V da, )+, 7)+d g o) +da, 3| <(+4M)'

bat K = sy(1+4M)" > 0. Khi do

d(z

n(k)+1’ mm(k)) S

_ K .
5 Hs(xn(k)’mm(k)q)"i'?f T/J(E), (222)

trong do

H (xri(k Loy ):max{d( Ztry> Ton— 1) d(a: ) Tn(iy+ ) d(xm(k) 7x771(k))7
d( 7z(k m(k ) + d( ‘m(k)-17 7z(k ) d( 7z(k )+27 7z(k ) + d(xn(k +Z’ m( A))
2s 28 ’

d<x"(k>+2%ﬂ),d(x,mﬁ,xmm,l),d(x,,,<k)+2,w,n<k>>}-

70

Cho k£ — oo trong (2.22), sir dung (2.11),
(2.15), (2.17), (2.19) va (2.21), ta dugc

Py — max {55,070, D56 0450 o s s + X o)
S S S S
— s+ Eevg <t ey
S S S
Suy ra &6 < Ke"y(e) < Key(e). Do do,
e|8 — Ku(e)| <0 voi moi e €[0,1]. Vi vay

§ — Ki(e) <0 véi moi € €[0,1]. Diéu nay dan
dén 6 < Kv(e) véi moi € €[0,1].Cho ¢ = 0,
ta c6 6 < Ky/0)
mot mau thudn. Do do, {z } la ddy Cauchy. Do

=0. Suy ra 6 = 0. Piéu nay la

(X,d,s) 1a khong gian b -métric day du nén ton

tai z€X dé limz =z Piéu nay din dén

n—0o0

hmT”x =2

n—0o0

Gia st T 1a anh xa lién tuc. Khi do,
=lim Ty = T(lim xn) =

n—oo n—oo

z=limz

n—oo n+1
1a diém bat dong cua T.
Gia sir gia thiét (H) duoc thoa man. Do {z }

Tz hay z

la day taing va limz =z nén z =z Do do,

n—00

trong (2.1), thay = boi x va y boi 2, taduge
dz, ., T2 =d 1k, T2)
Sy
8
+f)€“¢(€)[1+d(:}c ) +dza) +d M,x)+af(Tz,:vo)r, (2.23)
trong do

|, 9 da ) 79, e T A )

2s
d(xn ’;1,’)+d(flfn aI%)
%’d(xnﬂ’xnﬂ) Az, 12),d3, ., T2

Cho n — oo trong (2.23) va st dung B6 dé
1.3,tacod

1 d(zT2) < 1—708 sd(z Tz) +7e"Ue) [1 +2sd(z,3,) +d(z3,) +d(z, Tz)r
$ s

H (,,7) =mex

< 1-c d(zT2) +e"Ye) [1 +2sd(z,2,)) +d(z3,) +d(z, Tz)r .
Suy ra ed(z,Tz) < Ne“(e) voi
164
N= Sfy[l +2sd(z,7,) + d(2,7,) + d(z, Tz)] > 0.

Diéu nay dan dén d(z,Tz) < Ni(e) véi moi
e€[01]. Cho =0, ta c6 d(z,T2) <NY0)=
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Suy ra d(z,T2)=0. Vi vdy Tz =2z hay z la
diém bat dong cua 7.

Dinh li sau thiét 1ap diéu kién du cho su ton
tai duy nhat diém bat dong cua anh xa thdéa man
diéu kién co kiéu Pata suy rong trong khong gian
b -métric sip thir ty day du.

Pinh 1i 2.2. Cho (X,d,s,<) la mot khong
gian b -métric sdp thir tw day diva T: X — X la
mot anh xa tang sao cho:

(1) Céc gid thiét cia Pinh Ii 2.1 duwoc
thoa man.

(2) Véi moi w,v la diém bat déng cua T,
ton tai w € X sao cho w so sanh dwoc véi u,v
va w =< Tw.

Khidé, T cé diém bdt dong duy nhat.

Chirng minh. Theo chiing minh cta Dinh 1i
2.1, T c6 diém bat dong. Gia sir u,v 1a hai diém
bét dong cua 7'. Khi do, ton tai w € X sao cho
w so sanh dugc voi w,v va w < Tw. Do

w = Tw nén bang cich xem w Ia z, trong
Dbinh 1i 2.1, ta ¢6 lim T"w = 2. Ta s& ching
n—oo

minh v = v = 2.

Trude hét, ta chung minh u = 2. Gid st
w = u. Do T la ham tang nén Tw < Tw va do
d6 T?w =< T’u. Tiép tuc qua trinh nay, ta duoc
T"w < T"u v&i n > 1. Do do, tir (2.1), ta co
d(u, T"w) = d(TT" ', TT" w)

ey ("', T 'w)

5 s

S

<

-kys“q/(a)[l—&-d(T”wi))+(1(T”‘u;:L;))+d(T‘WL;))+d(T'w,ai))r, (2.24)

trong do
limsup H (T"'u, T""'w)

n—1 ) n n
< max{d(u,T’Hw),d(T’Hw,T"w),d(T ;L?"T w>,w,d(u,1‘”w)l. (225)
s s

Cho n — oo trong (2.25) va sir dung B dé
1.3, ta duoc

H (T"'u,T"'w) = max {sd(u, z),d(z,2), ,sd(u, z)}

= sd(u,2). (2.26)
Cho n — oo trong (2.24), st dung (2.26) va Bo
de 1.3, ta duoc

£ sd(u, z) + ve*1P(e) [1 + 2d(u, ) + 2sd(z, xo)]ﬂ

5

s
< 1-¢ d(u, 2) + ve"U(e) [1 + 2d(u, :L'O) + 2sd(z, mo)r .
s

ld(u, z) <
S

Suy ra voi N :s'y[l +2d(u, 7)) —i—?,sd(z,xo)] >0

thi ed(u,z) < Ne®y(e). Diéu nay dan dén
d(u,z) < Ni(e) v6i moi € €[0,1]. Cho =0,
ta ¢ d(u,z) < N¢(0) =0. Suy ra d(u,2) =0
hay u = 2.

Bang cach tuong tu, ta cting chirng minh
duoc v = 2. Vay u = v.

Trong Pinh li 2.1 bang cach thay H (z,y)

boi M (z,y) < H (,y), ching t6i nhan duoc hé
qua sau. H¢ qua nay la mot md rong cua [7,
Theorem 3.2] sang khong gian b -métric.

H¢ qua 2.3. Cho (X,d,s,X) la mot khong
gian b-métric sdp thir tw day dii va T: X —X
la mot anh xq tang thoa man cac diéu kién sau:

(1) Ton tai z, sao cho x, =2 Tx,.

(2) Ton tai o> 1,8 €[0,a],7 >0 va ham
¥ € ¥ sao cho
d(Ta,Ty) < “—EMu )

&

+’YE“1/)(5)[1 +d(z, ) + d(y, ) + d(Tz,x,) + d(Ty,mU)]
voi moi € €[0,1] va moi z,y € X ma x =<y,
trong do

: 2s
(3) T lién tuc hogc (X,d,s,=<) thoa man
gid thiét (H): Néu {z } la day tang trong X va

M (z,y) = max {d(z,y),d(z, Tx),d(y, Ty),d(f»Ty)fd(y»Tf)}.

lim r =x¢€ X thi T =T voi moi n.

n—oo

Khi d6, lim T"z, = 2 € X va z la diém

et 0
bat dong cgia anhxa T.

Vi moi métric 1a mot b-métric véi s =1
nén tor Pinh 1i 2.1 ta nhan dugc hé qua sau.

H¢ qua 2.4. Cho (X,d,=X) la mot khong
gian métric sap thir tw ddy di va T': X — X la
mot anh xa tang thoa man cac diéu kién sau:

(1) Ton tai z,, sao cho r, = Tz,

(2) Ton tai o> 1,8 €[0,a],7 >0 va ham
Y € W sao cho
d(Tr,Ty) < (- OH(z9) + A" W)L+ d(z.,) +dly.z,) +d(Te,z,) +d(Ty.,)]
voi moi € €[0,1] va moi z,y € X ma x <y,
trong do
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H(z,y) = max |d(1’, y),d(z, Tx),d(;z/,Ty),—d(z7 Ty) ;r d(y,Tz) ,
d(T’z,x) + d(T’z, Ty)

2
(3) T lién tuc hogc (X,d,s,=) théa man
gid thiét (H): Néu {z } la day tang trong X va

(1%, Tx), d(T*z,y),d(T*z, Ty) |

hmxn—xEXthlm =<z voi moi n. O

lim 7"z, =2 € X va z la diém
bat dong cua anh xa T.

Nhin xét 2.5. Vi mdi métric 1a mot b-
métric voi § =1 nén tr H¢ qua 2.3 ta nhan duoc
[7, Theorem 3.2].

Tlep theo, chung t61 dua ra vi du minh hoa
cho sy ton tai diém bat dong cua anh xa T thoa
man gia thiét Dinh 1i 2.1 va chimg to rang Dinh 1i
2.1 1a mot sy tong quat ctia Hé qua 2.3.

Vi du 2.6. Cho X = {1,2,3,4,5} véi tha tu
thong thuong < trén R va
d: X xX — [0,00) xdc dinh boi

Khi do,

4nh xa

0 néux=y

1 néu (x,y)€{(1,2),(2,1),(1,3),(3,1)}

2 néu (x,y)€{(2,3),(3,2)}

38 néu (x,y) €{(1,4),(4,1),(1,5),(5,1)}
18 truong hgp con lai.

Khi do, (X,d,s,<) la khong gian b-métric

sip tho tu diy du véi s =2. Xét anh xa
T: X—X xac dinh boi TI=T2=T3=T4=1,
T5=3. Chon z, =1, ta c6 z, <Txz,. Chon
a=pF=v=1 va ()=t voi moi ¢ € ]0,1].
Lay € =0, (z,y) = (2,5), taco

%Mgoz, W)+ WL+ da ) + d(y.z,) + d(Tr, ) + d(Ty. )]

*2*8<1—d(Tz,Ty).

d(x’y) =

Suy ra diéu kién (2) trong Hé qua 2.3 khong
théa man. Do d6, H¢ qua 2.3 khong ap dung
dugc cho &nh xa T.

bat

VP:I_S

H (z,y)

5

P UL+ dlo,7) +dly,7) + (T 7)) +d(Ty,z,)]
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Khi d6, véi moi (x,y) € XXX ma z<y va
voimoi ¢ € [0,1], ta xét cac truong hop sau:

Truong hop 1. r=y hoac
(x7 y) E {(17 2)7 (17 3)7 (17 4) ? (27 3)7 (27 4)7 (37 4)}
Khi d6 d(Tz,Ty) = 0.

Truong hop 2. (z,y)=(1,5). Khi d6
2
9 (1 19| | 2199’
d(Tx, T VP=—+|-——| + .
(T, Ty) =1,VP =2 [ s o
Truong hop 3. (1,y) €{(2,5),(3,5)}. Khi do:
2
9 (1 19| | 2263
d(Tx, Ty) =L,VP =— + |- —— .
(T Ty) =LVP =+ T == ] o
Truong hop 4. (z,y)=(4,5). Khi d6
2
11 1’
cl(T:E,Ty):]J/]3:2+——E A631e .
8 (4 8 64

Nhu vay, tu cac truong hop trén, ta suy ra
diéu kién (2) cia Dinh 1i 2.1 dugc thoa man. Hon
ntra, 7' 1a anh xa tang va lién tuc. Do do, cac gia
thiét cua DPinh 1i 2.1 duoc thoéa méin. Vi vay,
Dinh 1i 2.1 ap dung dugc cho 7.

Cubi cung, ching 61 sir dung Pinh 1i 2.1 dé
khao sat su ton tai nghiém cua phuong trinh tich
phan phi tuyén.

H¢ qua 2.7. Cho Cla,b] la tdp hop cac ham
s6 lién tuc trén [a,b], quan hé thir tw trén
Cla,b]xdc dinh boi: x =<y néu x(t) < y(t) véi

moi t € [a,b] va b-métric d voi s =2"" trén

Cla,b] xdc dinh boi d(z,y) = sup|z(t) — y(t)|' vdi

tela,b]
moi z,y € Cla,b] va véi p>1. Xét phuong trinh
tich phdn phi tuyén

z(t) =

trong dé t€[al], g:[al] =R K:[alxalxa(at) =R
voi méi x € Cla,b] la cdc ham sé6 cho truée. Gia

+ jK(t, 5,2(s))ds, (2.27)

st cdc gid thiét sau dugc thoa man: N

(H1) g la ham so lién tuc trén [a,b] va moi
t € la,b], z € Cla,b] sao cho K(t,s,x(s)) khd
tich theo bién s trén [a,b).



TRUGNG DAI HOC PONG THAP

Tap chi Khoa hoc s6 19 (4-2016)

(H2) Tz € Cla,b] vdi z € Cla,b], trong do

Ta(t) = g(t) + [ K(t,5,2(s))ds vi t € [a,b].

(H3) Voi telabl,z,y € Cla,b] ma x(u) <ylu)
voi moi u € [a,b], ta co
K(t,s,2(s)) < K(t,s,y(s)).
(H4) Ton tai x, € Cla,b]

sao cho

z,(t) < g(t) +fK(t,s,a:O(s))ds voi moi t € [a,b].

(H5) Véi t,s €a,b] va z,y € Cla,b] sao
cho x(u) =< y(u) véi moi u € [a,b], ton tai hang
s6 a>1va 3 €0,a] sao cho
K(tsy(t»\”

[‘T(z‘ — o] [alt) — Tale)|[t) — Tt
Jo(t) ny(t\ Hlutt) oo [To(0) —at) +|7°0t) — Tyte]
or ’ or ’
Teaft) — Tyt }

O]+ 70—, 0] + |70 —a, 0] r

—[0,00) la

‘Ktszt))
<{t,s)(1

[att) — Tote) [7%at)—ytt)

+2"fe)
voi moi € €[01], trong do & :[a,b] x[a,b]

ham lién tuc thoa man
b

1
£, )ds < 2 G

Khi d6, phwong trinh tich phan phi tuyén
(2.27) c6 nghiém z € Cla,b].
Chung minh. Xét anh xa 7:(ab] —>ab]

Lt faft) —,(8) +ut) —=,

sup
tela,b] f

b
xdc dinh boi Ta(t) = g(t) + [ K(t,5,2(s))ds v6i moi
t € [a,b] va x € Cla,b]. Khi do, sy xac dinh cua
anh xa T duogc suy ra tir gia thiét (H1) va (H2).
Hon nita, sy ton tai diém bat dong cua anh xa T
dan dén sy ton tai nghiém cua phuong trinh tich
phan (2.27). Do d6, ta s& ching minh rang anh xa
T théa mén cac gia thiét ciia Pinh 1 2.1.

(1) Voi z,y € Cla,b] ma z =y, ta co
z(s) < y(s) voi moi s € [a,b]. Do do, tr gia
thiét (H3), v6i moi ¢ € [a,b], ta co

b b
Ta(t) = g(t) + f K(t,5,2(s))ds < g(t) + f K(t,5,y(s))ds < Ty(t).

Suy ra Tz < Ty hay T la anh xa tang.
(2) Tur gia thiét (H4), ta suy ra ton tai
z, € Cla,b] sao cho z, X Tx,.

. 1 1
(3) Lay ¢ >1 sao cho —+—=1. Tu gia

p q
thiét (H5), ta c6
| Tu(t) — Ty(t) < f‘Kté.Lb tay())‘d&]
fdb]l{f‘KtbLé taJ())‘d}l
<(b-ay” l f éts)1—e) [nm {\w(t) -ytf,

Ty(e] +[utt) ~ Tefef

R L

‘Tzac £ —alt ‘ ‘TZ,, £)— (t)‘
2 ’
‘Tzz(t) - y(t>\" ,‘Tzz(t) -

+]‘ "(e) [1 + ‘x(t) -

1-e)b- (L)‘"’IHS(I7 y)f &(t,s)ds

Ta(t) — Tw(t)‘p .
Ty(t)‘” }] ds

(0] +[ult) -

3

a0 {2200~ of+/10) 0] | s

+(b —a)’ e"(e) [1 +d(z,x,) + d(y, z,) + d(Tw,z,) + d(Ty, zo)r
1-¢

= 95

+b — ) " H(e) [ + d(z,z,) + d(y,3,) + d(Tr,z,) + d(Ty,z,)]| .
Do do, diéu kién (2.1)
v=(b-a) >0.

(4) Cla,b] 1a khong gian b-métric day du

H (z,y)

thoa main voi

v6i b-métric d da chon. Hon nira, gia st {z } la
day tang trong C[a,b] va limz = z. Khi do,

voi mdi t €la,b], ta co

z(t) <z,t) <. <z (1) <. va limz (1) =a(?).

Do do6, v6i moi ¢ € [a,b], ta co z (t) < x(t) voi
moi n € N. Suyra z <z véimoi n € N. Vay
gia thiét (H) trong Pinh 1i 2.1 duoc thoa man.

Nhu vay, cac gia thiét cua Dinh 1i 2.1 duogc
thoa méan. Do d6, anh xa T c6 diém bat dong
z € Cla,b]. Vi vay, phuong trinh tich phan phi
tuyén (2.27) ¢6 nghiém z € C[a,b].
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FIXED POINT THEOREMS FOR GENERALIZED PATA-TYPE CONTRACTIONS
IN PARTIALLY ORDERED b -METRIC SPACES

Summary

In this paper, we extend the generalized Pata-type contraction mentioned in [7] to partially
ordered b-metric spaces and state certain fixed point theorems for new contractions. We also come up
with some corollaries and provide relevant examples.
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