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Tém tat
Trong bai bao nay, chung toi dwa ra mot diéu kién can dé dai so dwong di Leavitt cua mot do thi
hitu han voi hé so trén truong la vanh Hermite. Ngoai ra, chung toi cing gioi thiéu mot so vi du vé

16p dai s6 nay.

Tir khéa: Pai s6 duwong di Leavitt, vanh Hermite.

1. Mé dau

Trong bai bao nay, ta ky hiéu E 1a mot do
thi hiru han, K 1a mot trudng tuy y. Pai sb
duong di Leavitt cia £ véi hé tor trén K, ky
hidu L (E), 1a chu trac dai s6 duoc gidi thigu
nam 2005 boi G. Abrams va G. Aranda Pino
trong [1]. Trong sudt thap ky qua, cdu trac dai s6
nay luén nhan duoc sy quan tdm ddc biét cua
nhimg chuyén gia Ve Ly thuyet vanh. Ly do la,
Ly thuyét vanh von rat thiéu cac vi dy truc quan,
trong khi véi dai s6 duong di Leavitt ta c6 thé dé
dang phéan biét cac cau trac vanh thong qua cc
dic trung dd thi. Noi cach khac, ta c6 thé dung
vai nét v& d6 thi hét suc truc quan dé phan biét
cac cau triic vanh phtc tap.

Mot trong nhitng hudng nghién ciru chil yéu
vé dai s6 dudng di Leavitt 1a thiét 1ap mdi lién hé
mot déi mot gitra mdt bén 1a cac tinh chét (dé
thi) cia £ va mot bén 1a cac tinh chét (vanh,
mddun, dai s6) cia L, (E). Do ciing 1a hudng
tiép can vin d¢ ciia bai bao nay. Muc tiéu cua
chung t61 la tim dic trung dd thi cia E dé
L. (E) lavanh Hermite.

Trudce tién, ching toi nhéc lai mot sé khai
niém va két qua lién quan dén ndi dung chinh.
Céc ky hiéu trong phan nay chung t6i dwa vao
(1], [2], [3] va [4].

Mot dd thi E=(E°,E',s,r) 1a mot bd bao

gdbm hai tap hop E°,E' va hai anh xa
r,s:E' > E'. Cac phﬁn tr cia E° duogc goi la
cac dinh (vertices) va cac ph?ln tr cia E' duogc
goi la cac canh (edges). Doi véi bat ki canh e

trong E',s(e) dugc goi la géc (source) clia e va
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r(e) duoc goi 1a ngon (range) cia e. Do thi
E=(E°,E',s,r)dugc goi 1a hiru han néu cic tap
E° va E' 1a cac tap hitu han phan tu.

Néu S(e) =v va r(e) =w thi ta néi rang v
phdt ra (emits) e va w nhdn vio e. Néu
r(e)=s(e,) véi e,e, € E' thi ta noi ring e,
va e, 1a ké nhau (adjacent). V&i mdi canh e
trong E' ta goi e 1a canh thwc, ki hidu e 1a
canh tuong (mg v&i e va goi e’ 1a canh do. Tap
hop cic canh ao ki hiéu la (E').
(E'Y ={e' | ec E"}.

Mot dwong di (path) p trong mot d6 thi E
l1a chuoi cac canh

Vay

p=ee,..e,
sao cho r(el,) = s(ei+1
Mot duong di gém n canh duogc goi la cé do dai

)Vé’i moi i=12,...,n—1.

n va ching ta viét l(p) =n.

Ta ki hiéu tap hop cua tit ca cac duong di
trong £ boi E. D& véi mot dudng di
p=e..e cE tadinh nghia p° 1a tdp ciia tat
ca cac dinh trong p, nghia la

p0 = {s(ei),r(ei) = 1,2,...}.
Hon nita, néu g=e,..e, v6i m<n thi ta néi
rang ¢ 1a mot doan dau cua p.

Mot duong di duoc goi 1a mdt chu trinh
(cycle) néu s(p)=r(p) va s(e );ts( ) dbi
voi moi [ # j. Noi cach khac, mot chu trinh la
mot duong di ma bt dau va ’két thac trén cung
mét dinh va khong di qua bat ki dinh nao qua
mot 1an. Néu mot 3o thi £ khéng chtra bat ki
mot chu ki nao, n6 dugc goi 1a do thi khong co
chu trinh (acyclic graph).
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Mot canh eec E' duogc cho 1a mot l6i ra
(exit) cua duong di p=e..e, néu ton tai mot
i€{l,..,n} sao cho s(e)=s(e,) nhung e=e.

Néu db thi E chua cac chu trinh ma moi chu
trinh déu khong ¢ 16i ra thi E duoc goi 1a do thi
khéng cé 16i ra (no-exit graph).

Trong dd thi E, mot dinh v dugc goi la

sink néu nhu s~ (v) =@, néu v khong phai 1a
sink thi dugc goi 1a dinh chinh quy (regular).

Pinh nghia 1.1 ([1, Definition 1.3]). Cho
E=(E°,E',s,r) 1a mot d6 thi va K la mot
truong bat ky. Pai s6 dwong di Leavitt ciia do thi
E véi hé s6 trén truong K, ki hiéu L, (E), la
K- dai sb phé dung voi tap sinh la cac bd
E’, E'va (E1 )* va tip quan hé sau day:

(Al) vy, =6,v, dbi véi moi v,v, €E"
(6, 1a ki hiéu Kronecker);

* * *

(A2) s(e)e=e=er(e) va r(e)e =e =es(e)
voimoi ec E';

(CK1) q*e].:é);r(e/) véimoi e;,e; € E';

(CK2) v= Z feets(e)or] ee’ v&imoi veF'.

Véi mdi vanh R, ta ki hiéu V' (R) 1a nira
nhém Aben cta cac 16p mé dun xa anh hitu han
sinh v&i phép toan 1a @. Néu P 1a mot mo dun
xa anh hiru han sinh thi ta ki hi¢u phan tir cua
V(R) chta P 1a [P].

Theo [5] v6i mdi d6 thi E ta dinh nghia
nua nhém M, nhu sau. Ta ki hiéu 7 la nua
nhom tu do giao hoan (viét theo 16i cong) véi tap
sinh 14 E°. Dinh nghia quan hé trén 7 nhu sau

(M) v= Z:()r(e)
véi moi dinh chinh quy v e E°. Ki hiéu ~ p la

quan hé twong dang trén T sinh ra boi quan hé
(M) & trén. Khi d6 M, =T/ ~, vata c6 thé ki

hiéu c4c phan tir ciia M, 1a [x], véi x e T. Hai

phan to x = ZVEEO ny va y= zvegﬂ mv dugc
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goi 14 bang nhau trong M £ néu ta co thé ap
dung quan hé¢ (M) cho cac dinh trong x va y
(v6i sb 1an co thé khac nhau) dé dén mot budc
nao do, hé so6 cua cac dinh twong ung trong x va
v 1a nhu nhau.

Trong [5], cac tac gia dd ching minh rang:

binh ly 1.2 [S5, Theorem 3.5]. Cho E la
mot do thi va K la mot truong bat ki. Khi do anh
xa [v] = |:VLK (E)] la mot dcfng cdu nira nhém

tr M, dén V(LK (E)) Dac biét, voi dcfng cau

nay, ta co I:ZveEo v} = [LK (E)}

Theo [7], vanh Hermite 12 mot vanh thoa
mén tinh IBN va moi médun 6n dinh tu do déu la
tu do. Ta c6 déc trung sau day cho vanh Hermite.

binh ly 1.3 [7, Corollary 0.4.2]. Vanh R
la vanh Hermite néu voi moi so tw nhién m,n,
voi moi R-médun Q,R"=R"®Q kéo theo
n>m va Q la mot R-moédun ty do voi $6 chiéu
la n—m.

2. Két qua chinh

Trong [1] cac tac gia dd chi ra rang dé
L, (E) 1a vanh don thi dic trung d6 thi cia E 1a
moi chu trinh déu phai c6 16i ra. O day, ching t6i
mudn khio sat truong hop dbi ngau voi dic
trung d6 thi d6. Két qua chinh ma ching t6i thu
duogc 1a néu L, (E) 1a vanh Hermite thi £ 1a d6
thi khong c6 16i ra.

Trude tién, ching t6i dua ra mot tidu chuan
dé Ly (E) 1a vanh Hermite.

B6 dé 2.1. Cho E=(E",E',s,r)la do thi
hitu han co
E'={v,v,,...v,}
va K la mot trueong bat ky. Khi dé Ly (E) la
h

vanh Hermite néu va chi néu voi moi x= ) nyv.

1702
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Chitng minh. Theo Pinh ly 1.2, ta c6 thé Goi v :s(e )(l':l n) va v :r(e )
A 5 i i > n+l n+l ) °
dong nhat {Z‘,",} voi [LK (E)] trong M. Xét x=v,,,. Taco [x]=[v,,,]#0 va
Nhic lai rang L, (E) 1a vanh Hermite néu {iv } + [x] _ [ﬁv}
va chi néu v&i moi L, (E ) -modun Q, l l
(LK (E))m @QE(LK (E))n That vay, 4p dung quan hé (M) trén M,

) . o . cho v, & vé phai ta dugc
kéo theo n>m va Q lamot L, (E)-modun tu

do véisb chidula n—m. Vi Q lamot L (E)- {Zv } Vo F VY, Y ety

modun ty do nén O phai c6 dang:
Tiép tuc 4p dung quan hé (M) trén M,

h
:{Z”f"f |v. e E°, n, EN}- cho v, thi v, = v,. Khi do,
Mat khac, trong M . {zv } v+ Y, +...+vh].
[( ) J [L (E)®...0 L (E )] Tiép tuc qua trinh trén, ta dugc
" V, BV, Ly .
=|:LK(E)+LK(E)+...+LK(E):| I(hld(')
m h
-y {Zv} [V 4+, +oty, 4y, ] = [Z"z}““ x
B K i=l1
_ {Zhlv } Theo B d& 2.1, L, (E) khong phai Ia vanh
i=1 Hermite. O
Vay, & (L (E))" ®0=(L(E)) thi trong Vidu2.3.Xét E lado thi nhu hinh vé sau

M, ta phai co

(PP ) S

Suy ra diéu phai ching minh. o

Vi ti€u chuan kiém tra tinh Hermite cua
L, (E) ¢ B6 dé 2.1, chung t6i thu dugc két qua Khi d6 L (E) la vanh Hermite.
chinh 1a Dinh 1y 2.2 va mot s6 vi du vé 16p do thi
ma dai s6 duong di Leavitt cua chung 13 mot
vanh Hermite. X=nv, +n,v, +nv; + n,v, + ngvs + ngv

Pinh 1y 2.2. Cho E la mét do thi “hitu han o man
va K la mét trwong tiuy y. Khi dé néu dai sé
dwong di Leavitt L,(E) cua E voi hé tir trén

K 16 m6t vinh Hermite thi E 16 dé thi khd T (1) suy ra c6 cic s6 khong am
o 1 ot A Tere T B A0 T HORE kk', (1=1,2,3,4,5) dé khi ta 4p dung quan h¢

Chitng minh. Gia st E 1a mot do thi chita (M) trong M, k, lan cho v, déi véi vé trdi,
chu trinh

Hinh 1. Do thi khéng ¢6 chu trinh

Chitng minh. Gia st v6i n eNi=16, ta ¢6

m[y; +v -+ vy ] Hx = sy sy (D)

k' lan cho v, (i =1,2,3,4,5) dbi véi vé phai, tir

c=e..e,
(1) ta dugc hé

trong d6 e,,, lamot1biracia ¢ (n<h-1).
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m-n+n = -m Ta thiy (5) dugc suy ra tir (3). O
m-n+m = m —m, Vidu2.4. Xét E la do thi nhu hinh vé sau
m—n+n, = tm,  —my v
m—n+n, = +m, —my ).
m—n+ng = +my,  +m, —m;
m—n+n, = +m Hinh 2. Do thi khong c6 16i ra
m= k'—k (i=15) Khi d6 Ly (E) la vanh Hermite.

Tir (2) ta nhan hai phuong trinh dau véi 2 Chitng minh. Gia st x=nv+mw,n €N,

r0i cOng tat ca cac phuong trinh lai theo timg vé, i =1,2 théa man

ta dugc mlv +w]+[x] = n[v+wl. (6)
8(n—m)=2n,+2m +n;+n, +ns+n; - (3) Tt (6) suy ra c6 céc sb khéng &m

suy ra m S’n. Nhui vay, theo B0 d¢ 2.1, ta chi k,k' (i=1,2) dé khi ta 4p dung quan hé (M)

con phai ching té rang o .
[x]=(n—m)[v, +v, +v, +v, +v +v,] (4) trong My k (twong ung k,) lan cho v
Ap dung quan hé (M) trong M., nhusau (twong ing w) dbi voi vé tréi, k', (twong ing

Bing 1. 86 1an 4p dung quan h¢ (M) léncacdinh ¢ k') lan cho v (twong tng w) d6i v6i vé phai,

hai vé ciia (4) tir (6) ta duoc hé
Vé trai Vé phai {m —n+n =-k'+k -
Dinh | S61in | Dinh S6 1an m—n+n, =k',—k
_ I Cong theo vé hé (7), ta dugc
iohTh Y e 2(n—m)=n, +n, 8)
v, | L=1[+n, v, | I'y=l'+n-m suy ra m<n. Nhu vay, ta chi con phai
chimg t6 rang
vi | L=hL+ny | vy | Iy=1+n-—m [x]= (n—m)[v+wl. )
v, I, =1, +n, v, I' =1 +n—m Ap dung quan h¢ (M) trong M., cho
dinh v, & vé phai n—m 1an va & vé trai n, lan,
s | BEhHn | s = nem o g6 (9) tr thanh
Khi d6 (4) trér thanh [(n, + ny)w] =[2(n — m)w]. (10)
[(2n1 +2n, +ny, +n, +n, +n6)v6] =[8(n—m)v,]. (5) Ta thiy (10) dugc suy ra tir (8). O
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THE LEAVITT PATH ALGEBRAS HAVE HERMITE PROPERTY

Summary

In this paper, we establish a necessary condition for Leavitt path algebra of a finite graph with
coefficients of Hermite ring in a field. Besides, we also provide some examples of this algebra type.
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