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MOT SO PHUONG PHAP HAY GIAI PHUONG TRINH HAM

e ThS. Nguyén Thi Hoai Quyén®

Tém tit
Trong bai bdao nay, mot so phwong phdp hay ding dé giai phwong trinh ham dwoc trinh bay cu
thé ndi dung, kém theo vi du dién hinh minh hoa cho timg phwong phdp. Qua dé gitip nguwoi hoc dé
hinh dung va nam bt dwoc phwong phap gidi timg loai phwong trinh ham.
Tir khéa: phwong trinh, ham s6, phwong phdp gidi, phwong trinh ham, cdu héi, bai tdp.

1. Mé dau

Phuong trinh ham 1a moét trong nhiing
chuyén dé rat quan trong trong viéc boi dudng
sinh vién thi Olympic Toan hoc sinh vién toan
qudc. Phwong trinh ham hién c6 rat nhiéu
phuong phap giai khac nhau. Sau day ching toi
xin gi6i thiéu mot sé phuong phap giai phuong
trinh ham va vi du minh hoa.

2. Mot sé6 phwong phap gidi phwong
trinh ham

2.1. Phwong phap don bién

Bang cach bién ddi thich hop, ta don mbi
bién vé mot vé cua phuong trinh, sau do, su
dung cac tinh chit dic trung cua ham dé giai
quyét bai toan.

Bai1[l,tr. 36]. Tim f:R — R sao cho:

(x=) f (x+2)=(x+2) £ (x-7) =4 (" =»7).

vx,y eR.
Giai
U+v
u=x+y |°° 5
Dait{ =
vV=Xx—-y u-v
Y 2
=>vf(u)—uf(v)= (u2 —vz)uv
3—f(u)—u2 =—f(v)—v2, Yu,v#0.
u v
Cho v=1 taco:
105 SO _p g0
u

= f(w)=u’+au, Vu#0 (a=f(1)-1).
Cho x=y taco —2xf(0)=0 dodd f(0)=0.

) Khoa Gido duc tiéu hoc, Truong Cao déng Su pham
Nghé An.

Két luan: f(x)=x"+ax, VxeR.
2.2, Phu’0’ng phap danh gia
Gid su ta can tim ham f(x) voi mién xdc

dinh D,. Tu gia thiét bai toan va bang lap luan

ta danh gia duoc:
1. f(x)=g(x),Vxe D,

2. f(x)<g(x),Vxe D,
trong d6 g(x) 1a mot ham sé da biét trude. Tir 1
va2tasuyra: f(x)=g(x)VxeD,.

Bai2 [6, tr. 5]. Tim f:R — R thoa man:

% 7 (x) +%f (xz) = f(x).f(yz) 2 %,

vx,y,z€R.
Giai
Cho x=y=z=0 taduoc:

| | ) |
SIO+ fO =02
& (f(0)-2) <0

1
©f(0)=5
Cho y=z=0 va x tuy y ta dugc:

%+%—§f(x)>— VxeR

@f(x)ﬁ%,Vxe]R. (1)
Cho x=y=z=1 taduoc:

1 Lo iy s L
2f(1)+2f(1) f(l)Z4
@fz(l)—f(1)+i$0
& () —%)2 <0

1
<:>f(l)—5
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Cho y=z=1vax tuyy:
SIS W= )=
@f(x)Z%,VxeR. (2)

Tir (1) v (2) ta cb: £(x) =%.
2.3. Phwong phap sit dung tinh chat
nghiém mot da thue
Bai 3 [7, tr. 20]. Tim da thuc P(x) voi h¢
s6 thuc, thoa man déng thure:
(x’ +3x* +3x+2)P(x-1) = (x’ =3x* +3x-2)P(x) Vx (1)
Giai
(1) & (x+2)(x" +x+1)P(x—1) = (x=2)(x’ = x + 1) P(x), Vx.
Chon:
x=-2= P(-2)=0;
x=-1= P(-1)=0;
x=0 = P(0)=0;
x=1 = P(1)=0;
Vay P(x)=x(x—-D(x+1)(x+2)G(x).
Thay P(x) vao (1) ta dugc:
(x+2)(x> +x+1D)(x=1)(x=2)x(x + NG(x—1)
= (x=2)(x> = x+Dx(x = D(x + ) (x +2)G(x), Vx

= (x> +x+1)G(x-1) = (x* —x+1)G(x), Vx
G(x-1)  G(x)
oxtl P axtl
G(x-1) . G(x)
(-1’ +(x-D+1 x*+x+1’
G(x)
X +x+1
= R(x)=R(x-1) (x#0,£1,-2)
= R(x)=C.
Vay P(x)=C(x* +x+D)x(x—1)(x +1)(x +2).
2.4. Phwong phap chuyén bai toan vé xac
dinh day so
Phuong phap nay thuong dung cho cac
phuong trinh ham c6 dang:
ax,,, +bx ,, +cx, +dx, =1,

X =a,x,=B,x=y
Trong d6 a,b,c,d, a, B,y 1a cac hang so,

Vx

Vx.

bat R(x)= (x#0,£1,-2)

n=?2

a#0va f, labiéu thiic cia n cho trude.
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Bai 4 [4, tr. 55-56]. Tim {x, } biét:

x, =T7x,,—1lx, ,+5x, ;,n=4

x,=0,x,=1,x,=3

Giai

Phuong trinh dac trung la:

A =T +111-5=0

SAh=4=L4=5

Suyra X, =c, +c,n+c,5".

Pé tim ¢,,¢,,¢; ta phai dua vao X,,X,, X,
vacho n=1,n=2,n=73 khi doé ta s¢ tim duoc:

13
o =——
16
3
C2=Z
=L
T80
PR 3 1 .,
Trdotaco x, =——+—n+—5"
16 4 80

2.5. Phwong phap diém bat dong
Piém x ’ duoc goi la diém bat dong cua

ham f(x) néu f(x,)=x,. Dya vao tinh chét
ciia diém bat dong ta ap dung dé giai cac bai
phuong trinh ham dang:

f(x+a)=f(x)+b, VxeR, a,b tuyy

St dung tinh chit diém bat dong, ta xét gia
tri ham 1a ¢ khi do giai phuong trinh:

c=c+b = c=o. Khidbtacoi b nhula
f(a). Chuyén ham di cho vé dang:

f(x+a)=f(x)+ f(a) (*). Dya vao dac
trung ham, ta c¢6 f(x) la ham tuyén tinh
f(x) = ax, thay vao phuong trinh (*), tim duogc
a. Tu day ta dat: f(x)=ax+ g(x) thay vao
(*), ta tim dugc g(x).

Bang cach tuong tu ta c6 thé giai cac
phuong trinh ham dang:

l. f(x+a)=—f(x)+b, VxeR, a,b tuyy;

2. f(x+a)=bf(x)+e, VxeR, a,b,e tuyy;

3. flax+p)=f(ax)+b, a={-10,1}, VxeR,
a,p,a,b tuyy;
véi cach dat f(x)=c+g(x).
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Bai 5 [2, tr. 87-88]. Xac dinh cac ham s
f(x) sao cho: f(x+1)= f(x)+2, VxeR.
Giai
Ta cAn tim ¢ sao cho c=c+2. Do dé
C =0,
Vi vay ta coi 2 nhu la f(l) ta duogc:

S+ =)+ 1) ).

Nhu vay ta da chuyén ra phép cong. Dua
vao dac trung ham, ta phai tim a sao cho
f(x)=ax dékhu sb 2. Ta duoc:

M oax+)=ax+2<=a=2.

Vay ta lam nhu sau:

bat f(x)=2x+g(x).

Thay vao (*) ta dugc:

2x+1)+g(x+)=2x+g(x)+2, VxeR

< gx+1)=g(x), VxeR.

Do d6 g(x) 1a ham tuan hoan véi chu ky 1.

Vay f(x)=2x+g(x) voi g(x) la ham
tuan hoan vé&i chu ky 1.

3. Két luan

Trén day 1a mot sd phuong phap hay dé g1a1
phuong trinh ham mot cach ngan gon, suc tich va
dé hiéu. Chung ta c6 thé ap dung no dé giai quyet
cac bai toan vé phuorng trinh ham, mot chuyén dé
kho ma nguoi hoc can quan tam.

Tuong tw, st dyng cac phuong phap nhu
trén ta c6 thé gidi quyét cac bai todn sau:

Bai 1 [7, tr. 2]. PBa thuc f(x) xac dinh voi
VxeR va thoa man diéu kién:

2f(xX)+ f(1-x)=x", VxeR. Tim f(x).

Bai 2 [6, tr. 4]. Him s6 f:Z —Z thoa mén
ddng thoi cac diéu kién sau:

a)f(f(n)y=n, VneZ (1)

by f(f(n+2)+2)=n,VneZ (2)

) f(0)=1 (3)

Tim gia tr1 £(1995), £(-2007).

Bai 3 [7, tr. 4]. Him s6 f:N —> N thoa
min diéu kién sau:

f(f(n)+ f(n)=2n+3, Vne N

Tim gia tri £(2005).

Bai 4 [7, tr. 31]. Cho S =(—1,+%). Tim
tat ca cac ham f:S — S thoa min dong thoi hai
diéu kién:

a) flx+fM+ )] =y+f()+y(x), Vx,y €S

b) SO 13 ham tang voi —1<x<0 va
X

0 < x < +oo,

Bai 5 [6, tr 5].
f:N—>N saocho

F(fm)+(f(n)’ =n"+3n+3,VneN.
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USEFUL METHODS FOR SOLVING FUNCTIONAL EQUATIONS

Summary
This paper details some useful methods used to solve functional equations, one by one with
illustrative examples, respectively. Thereby, it helps learners easily visualize and master the methods

of solving each equation function.

Keywords: Equation, function, solution method, functional equation, question, exercise.
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