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Abstract

This paper studies stable strong duality for composed convex optimization problems
with composed constraints. To this end, we establish generalized Farkas-type results and
provide characterizations for inequality systems involving composed convex functions under
composed constraints. These results extend several existing results in convex and nonconvex
programming. In particular, we introduce a sufficient condition ensuring generalized Farkas-
type results in the composite setting. The obtained results are then applied to derive strong
and stable strong duality for composed convex optimization problems with composed
constraints. As illustrations of the results, we present some consequences and applications to
special cases.
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Tém tit

_ Bai bao nay tap trung nghién ciru tinh doi nngy manh én dinh cho cdc bai todn toi uu
[6i ¢6 ham muyc tiéu va rang bugc dang ham hop. Dé dat dwoc myc tiéu nay, ching toi thiet
lap cac két qua dang Farkas t6ng quat va duea ra cdc dic trung cho hé bdt ddang thire lién quan
dén ham hop 16i duéi rang bugc dang ham hop. Nhirng két qud ndy mo rong mot 50 két qua
da co trong quy hoach 16i va khong 16i. Pdc biét, chiing t6i dé xudt mét diéu kién di dé dam
bdo cdc két qua dang Farkas tong qudt cho ham hop. Cac két qua thu dwoc sau do dwoc dp
dung dé suy ra tinh doi ngau manh va doi ngau manh 6n dinh cho cdc bai todn t6i wu 16 c6

ham muc tiéu va rang buoc dang ham hop. Dé minh hoa cho cdc két qud, chiing toi trinh bay
mot sO hé qua va ung dung cho cdc truong hop dac biét.

_ Twkhéa: bai toan DC, bai toan 16i wu 16i dang ham hop, cdc két qua dang Farkas, doi
ngau manh on dinh.
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1. Introduction

It is well known that duality theory plays an important role in optimization. For a given
primal problem, there are different ways to define its dual problems (Bot, 2010; Bot et al.,
2003; Feizollahi et al., 2017; Huang et al., 2003; Long et al., 2010), particularly in the context
of convex and DC (difference of two convex functions) optimization problems. Duality refers
to the situation where the optimal values of the primal problem and that of its dual problem
are equal, often under regularity or constraint qualification conditions.

In recent decades, many attempts have been made to study the duality for various classes
of optimization problems (Bot, 2010; Bot et al., 2006a, 2006b, 2003; Dinh et al., 2008, 2010,
2014; Feizollahi et al., 2017; Huang et al., 2003; Jeyakumar et al., 2009; Li, 1995; Li et al.,
2008; Long et al., 2010; and so on). The study of DC optimization problems dates back to the
early developments of convex analysis and functional analysis (Zalinescu, 2002). Fundamental
duality principles such as the Fenchel-Rockafellar theorem and the Moreau—Rockafellar
theorem formed the basis for later generalizations. Over the past decades, a series of works
(Bot, 2010; Bot et al., 2003, 2006a, 2006b; Huang et al., 2003; Jeyakumar et al., 2009; Li,
1995; Li & Ng, 2008) has extended these results to broader convex settings, introducing
augmented Lagrangian duality, generalized regularity, and stability concepts that guarantee
zero duality gaps in convex and semi-definite programs.

A major advance in the theory came from the introduction of composed convex
functions—functions of the form (f o F)(x), with f convex and lower semicontinuous, and F
a linear or nonlinear continuous mapping. This line of research was initiated and systematically
developed by Bot and collaborators (Bot, 2010; Bot et al., 2003, 2006a, 2006b, 2009, 2006c).
In particular, Bot et al. (2003) provided early results on duality in the presence of composed
convex functions with applications in location theory, while Bot et al. (2009) generalized the
Moreau—Rockafellar theorem to composed convex functions, providing a deeper
subdifferential and conjugate structure. Building upon conjugate duality, Bot et al. (2006a,
2006b) derived Farkas-type results for inequality systems involving composed convex
functions, and established duality under generalized constraint qualification conditions. These
results were further refined by Bot et al. (2006c) and Huang et al. (2003) to cover infinite-
dimensional spaces under weaker regularity assumptions, thus significantly broadening the
applicability of composed convex duality.

Parallel to the above developments, another research stream focused on nonconvex or
DC (difference of convex functions) programs and generalized convex systems. Dinh and
collaborators (Dinh et al., 2008, 2010, 2014) proposed new Farkas-type results, closedness
conditions, and alternative theorems, which extended classical duality beyond convexity.
These results demonstrated that stable dual representations can still hold even when convexity
fails. Later, Dinh and Mo (2012) further introduced qualification conditions and Farkas-type
theorems for systems involving composite functions, unifying the treatment of composed and
DC optimization structures.

Despite these advances, there remains a gap in the literature regarding unified duality
frameworks that can handle composed convex optimization problems with composed
constraints, particularly when the objective itself is a composition such as (f o F)(x) + g(x),
and the constraint set involves a composition like (H o K)(x) € —T,. The current paper
addresses this gap by proposing a generalized problem of the form:

(CCP) inf_[(f e F)(x) + g(x)],
(HeK)(x)E-Ty
where the spaces involved are locally convex Hausdorff topological vector spaces, and the

mappings F, H, K are allowed to take values in extended spaces. The above model encapsulates
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many previously studied problems, including classical convex programs, composed convex
problems as in the works of Bot (2010), Bot et al. (2006a, 2003) and the references therein.

The novelty of our approach lies in the integration of composed mappings in both the
objective and the constraints, while still enabling the use of conjugate duality. This leads to
the definition of a new dual problem—the Fenchel-Lagrange dual:

(CCD) sup {inf[)/F(x) +g(x) + kK@) - £ () — (AH)*(K)}_
(v,H)edomf*xT; XEX
KeEdom(AH)*

This formulation generalizes the dual constructions proposed by Bot et al. (2006a) and
Long et al. (2010), and encompasses several duality principles under a unified structure. By
incorporating the conjugates f* and (A1H)*, our framework captures the dual behavior of
composed convex systems in both finite and infinite-dimensional settings.

The main contributions of this paper are as follows:

e We develop characterizations of Farkas-type results for systems involving convex
composite functions with composed constraints. These characterizations provide both
necessary and sufficient conditions, extending results of Bot et al. (2006a), Dinh et al.
(2010, 2014) and unifying them within a broader framework.

e Our theoretical findings are applied to establish stable strong duality (in the sense of
Jeyakumar et al. (2009)) and strong duality for the primal-dual pair (CCP)—(CCD).
In particular, we provide duality results for convex composite problems involving DC
structures, thereby generalizing and extending the results established by Dinh et al.
(2008, 2010) and Toland (1978).

This paper provides the first comprehensive treatment of convex optimization problems
with both composite objectives and composed constraints in a general topological vector space
setting, building upon and significantly extending the frameworks in the works of Bot (2010),
Bot et al. (2003, 2006), Dinh et al. (2010), Jeyakumar et al. (2009), and Long et al. (2010).

The remainder of the paper is organized as follows. In Section 2, we introduce necessary
notation and preliminary results from convex analysis. Section 3 presents a series of Farkas-
type theorems for composite systems, including a new sufficient condition. In Section 4, we
apply these results to establish stable strong duality for the primal-dual pair (CCP)—(CCD).
Section 5 is devoted to illustrating the applicability of the results by treating special cases,
such as DC programs with composed constraints and min—max problems.

2. Preliminaries

Consider the extended real line R:= R U {0} with the following conventions: co +
a=a+o =oforall a€R,andaco = o foralla € R, U {oo}. We also extend the usual
order < in the real numbers set with & < oo for all & € R.

Let X be a locally convex Hausdorff topological vector space (IcHtvs, in brief) whose
topological dual space is denote by X* and endowed with the weak*-topology. For a set D C
X, the indicator function of D, ip, is defined by

iD(x):={0’ @fx €D,
oo, ifxé€&D.
The closure of a set A € X will be denoted by A and the set 4 is said to be closed regarding
the set B € X if AN B = AN B (Bot, 2010).

Let h: X — R. The domain and the epigraph of h are
domh:={x € X | h(x) # oo}, 1
epih:={(x,r) E X X R | x € domh, h(x) <r}. (1
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We say that h is proper if domh # @; that h is convex if epih is convex; that h is lower semi-
continuous (briefly, Isc) if epih is a closed subset of X X R. The set of all proper convex and
Isc functions on X will be denoted by I'(X).
For a proper function h, the conjugate function of h, h*: X* = R, is defined by
h*(x*) = sup{{x*,x) — h(x) | x € dom h}, Vx* € X"
The domain and the epigraph of h* are defined in a similar way as in (1). It is easy to see that
h*(x*) + h(x) — (x*,x) = 0. 2)
For X € domh and € > 0, the subdifferential and the e-subgradient of h at X are
Oh(x) ={x" € X" | (x*",x —x) < h(x) — h(X), Vx € X},
0ch(x) ={x" € X" | (x*,x —X) < h(x) —h(x) + €, Vx € X}.
Lemma 1. (Zalinescu, 2002) Let h: X — R be a proper function, X € domh and € > 0.
(@) If0 < €1 < €, then Oh(x) = dgh(¥) C d¢ h(x) < 0, h(X).
(b) x* € 0h(x) if and only if h*(x™) + h(x) — (x*, %) = 0.
(c) x* € 0ch(%) if and only if A*(x™) + h(X) < (x*,X) + €.
Theorem 1. (Toland, 1978) Let h € I'(X) and g: X — R be an arbitrary function. Then
Inflg(x) —h()] = inf [A*(x") = g"(x7].
Consider an other IcHtvs Y which is partially ordered by a convex cone Y, containing
the origin of Y (0y € Y,), ie., y1 <y ¥y, if y; —y, € =Y,. We add to Y a greatest element
with respect to <y, denoted by ooy. In the enlarged space Y* :=7Y U {ooy}, we assume, by

convention, y <y oy for every y €Y and we also adopt the following conventions
concerning the operations in Y *:

Y+ ooy =0y +y =00y, Vyevt’, aooy = oy, Va = 0.
The dual cone of Y, is defined by Y :={y €eY* | (y,¥y) =0, Vy e Y, }.
Let F: X = Y* be a vector-valued function. We call domain of F the set
domF ={x€X|F(x)€eY}
and we say that F is proper if domF # @. The mapping F is said to be Y, -convex, if for all
x,y€X and t€]0,1[ one has F(tx+ (1—-t)y)—tF(x)—(1—-t)F(y) € =Y,, or,
equivalently, epiy F is a convex subset of X X Y where
epiyF :={(x,y) EXXY:F(x) ey—Y*}
Assume that X isaconein X, F is saidto be X, — Y, increasing if F(x;) <y F(x,) whenever
X1 SX X5
Let further f:Y — R be a proper function. The composed function f o F: X — R is defined by
F(x)), ifx € domF,
o= L7

0, else.

We say that f is Y, -increasing if, for all y,,y, € Y such that y; <y y, one always gets
f(y1) < f(y2). Observing that if f is Y, -increasing, convex and F is Y, -convex then f o F is
a convex function.

3. Generalized composite convex Farkas-type results

Let X, Y, Z, T be locally convex Hausdorff topological vector spaces, X*, Y*, Z*, and
T* denote their topological dual spaces (respectively), endowed with the weak*-topology. Let
F:X->Y',f:Y >R, g:X >R, K:X - Z*,and H: Z - T* be proper mappings satisfying

dom(foF +g)Nn(HoK) Y(-T,) # 0, 3)
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where T, is a closed convex cone in T whose dual cone is denoted by T7.

Let Y., Z, be closed convex cones in Y and Z, respectively. Throughout this section,
assume that g is convex; f is convex and Y, -increasing; F is Y, -convex; K is Z-convex; H
is T -convex and Z, — T, -increasing.

Let® #V c X*. For each (x*, @) € V X R, we are concerned with the implication

(Pe) HK)X)E-T, = (foF)X)+g(x)—{x"x)2a
and, in particular, the implication
0y*

P) =@, ) H KX E-Ty = (foF)X)+g(x)=a
Each pair of (p,) and an its equivalent assertion will be called a generalized composite convex
Farkas-type result (GCCFR, in brief) while we will call the statement

* [(p3) & BE)], V(@) €V XR,
for some (Py ), a V-stable GCCFR. This section aims to establish some necessary and
sufficient conditions (in other words, characterizations) or sufficient conditions for GCCFR/
V-stable GCCFR.

To simplify writing, for each (y,x,4) € Y* X Z* X T*, we consider the extended real
number rg:{‘ 2 and the function F¥: X — R such that

Toon = () + (AH) (x), FY(x) = yF(x) + g(x) + kK (x), Vx € X.

The following lemma will be useful in the proofs in the sequel.
Lemma 2. Forany (x*,y,k,A) EX* XY* X Z* X T* and x € X, it holds

(FL) () + 15y = (2", %) = (f o F)(x) = g(x) — A(H o K)(x).
Proof. Take arbitrarily (x*,y,k,A) € X* X Y* X Z* X T* and x € X. By the definition of FY,
and the definition of conjugate function, one has

(IF%)*(X*) = S}JEI))([(X*,JC') - IF%(x')] > (x*,x) —yF(x) — g(x) — kK (x)
and
Ko = SUPLY.Y') = F /)] + suplte ') = AH) (2]

2V, y) = f) + (K, z) = (AH)(2), V(y,2) €Y X Z.
We thus get
(FX) () + 1l
2 (x",x) = yF(x) = g(x) = (kK)(x) + (v, y) = f(¥) + (K, 2)
—(AH)(2), V(y,2) €Y X Z.
Letting y = F(x) and z = K(x), we obtain the desired inequality. O
3.1. Characterizations of generalized composite convex Farkas-type results
In this subsection, we assume that g € I'(X), f € T'(Y), yF € I'(X) for all y € domf™,
AH €T'(Z) forall A € T}, and kK € I'(X) for all Kk € dom(AH)* and A € T{. Let us consider
the so-called qualifying set, which is defined as
O, T ) + epi(FL) |-

(y,/l)edymf*ijf [(

KeEdom(AH)*
Lemma 3. Q is a convex subset of X* X R.
Proof: Let (x{,a;) € Q,i = 1,2. Then, there are (y;, 4;) € domf™* X T; and k; € dom(1;H)"
such that (]FZE)*(xf) + rg/K"Mi) < a; foralli = 1,2. Now, taking u, v €]0,1[ such that u +v =
1, one has

uaq +vay = ,LL(IFE) (x7) + ur(ykll,ll) + V(IFZ) (x3) + vr(y,fzjlz).
According to the properties of conjugate function and the definition of F, we get
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pay +vay = (uxi + vz, x) — FLUR2 () + (uyy + vy y) — F) + (ury + viep, 2)

= (udy +vA3)H(2),
forall (x,y,z) € X XY X Z. This leads to

pay +vaz = (FZE:ZZ) (yx{ + VXE) + r&]:c11++v13,;€2,u11+v/12)' 4
Observe that (uy; + vyy, ud; + vady) € domf* X T (as domf™ and T} are convex sets).
Moreover, it is easy to check that ux; + vk, € dom[(ud; + vA,)H]*. So, (4) yields
u(xq, aq) +v(xz,a3) € Q, and we are done. O
Theorem 2 (V-stable GCCFR I). For any (x*,a) €V X R, the following assertions are
equivalent:

(a1) (p% ) holds,
(by) (x%,—a) € Q.
Proof- We begin by proving
epi(foF+g+i_r o(HoK)) =0. (5)
Let ¢ be the extended real-valued function defined on X* by
*\ . Y _ Y * *) . Y\* * Y * *
() = (y,/l)E(ilcr)lrt;lf*ij (IF" r("ﬂ)) ) (y,/’L)Edlcr)lrgxf*ij(FK) () + Tieay VX € X7
K€dom(AH)* K€Edom(AH)*
For all (y,1) € domf* x T} and k € dom(AH)", as (C;) holds, the functions F) —
r(];cl 1) AH and f belong to I'(X). Applying , we deduce that for all x € X,
Fl =) (9

7(x) = sup |(x%,x) - (ﬂ)eéglrflf*xri(

k€dom(AH)*
= su sup [(x*, x) = (FY —r? x*
(y,/l)edorgf*ij;uE}g 0 ( * (""1)) ( )]
Kkedom(AH)*
= su F’ —r) xX) = su FY —r) X
(y,/l)edorlr:)lf*ij( " (""1)) @) (y,,l)edm?,f*xm( K (K,A))()
Kkedom(AH)* KEdom(AH)*
= sup [(VF + g+ kK)(x) — f*(v) — (AH)" ()]
(v, A)edomf*xTy
KEdom(AH)*
=g(x)+ sup [(¥F)(x)—f"(¥)]+sup sup [kK(x)— (AH)" ()]
y€edomf* A€T{KkeEdOom(AH)*

=g(x) + f(F(x)) + ;gTQ{(AH)**(K NY=9gx) + f(Fx)) +
sup {(A H(K (x)))}

=f(F(x)) +g(x) +i_r, o (HoK)(x).
So, (f oF+g+igq o(He K))* = ¢™*. It follows from Zalinescu (2002, Theorem 2.3.4)
that

epi(f oF+g+irg-° (H o K))* = epi¢p™ = epi@ = coepio, (6)
where W is the lower semi-continuous convex regularization of ¢.
On the other hand, according to Bot et al. (2009, p. 931) and Lemma 3, one gets

. y_or Y | = ARy _ Y
(y,A)Edlglrgf*ij (IFK r(Krl)) co (yll)edymf*xn*_epl (IF" r(K./l))

xkedom(AH)* kedom(AH)*

=coQ =0 (7)

coepi¢p = coepi
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Hence, the desired equality, (5), follows from (6) and (7). What is left is to show that (a,) is
equivalent to (b;) for all (x*, @) € V X R. By the definition of conjugate function, it is clear
that for any (x*, @) € V X R, (p% ) is equivalent to (feF+g+ g, o(Ho K))*(x*) < -—a,
or equivalently

(x*,—a) € epi(f oF+g+irq o(Heo K)) . ()
It follows from (5) that (8) is exactly (b;), and the proof is complete. O
Theorem 3 (V-stable GCCFR II). Assume that Q is closed regarding the set V X R. Then, for
any (x*,a) €V X R, the following assertions are equivalent:

(az) (pY) holds,
(by) 3(y, A) € domf* X T}, 3k € dom(AH)": FL(x) — rg:w-l) —{(x",x)=>a, Vx€X.

Proof. By Theorem 2, for any (x*,a) € V X R,

(@) & (x,-a)€Q. ©)
As Q is closed regarding the set V X R we have
x*,-a)€EQ & (x*,—-a)€EQ. (10)

It is clear that
(x*,—a) € Q © 3A(y,A) e domf* X T{, Ik € dom(AH)": (x*,—a — rg;ll)) € epi(IFD*.
According to the definition of epigraph, one gets
(x*,—a) € Q © 3A(y,A) e domf* X T, Ix € dom(AH)": —a — rg:d) = (IF'%)*(x*).
From the definition of conjugate function, we obtain
x-a)€eQ &  (by). (11)
The result now follows from (9), (10) and (11). The proof is complete. O
To shorten notation, we let (q% ) stand for (b,) in Theorem 3 for all (x*, @) € V X R,
ie.,
(qX) 3, 1) € domf* x T}, Ik € dom(AH)*: FL.(x) — r(]:wl) —(x",x)>a, VxeX.
In the case when V = {0y}, (q%") collapses to
(@z) 3, A) € domf* x T, Ik € dom(AH) : Fye(x) — 1,5y = @, VX EX.
Theorem 4 (Characterizations of V-stable GCCFR). The following statements are equivalent:
(a3) Q is closed regarding the set V X R.
(b3) V(x", @) €V X R, [(py) & (a3 )]
Proof. [(az) = (b3)] Assume that (a3) holds. It follows from Theorem 3 that (bgz) is true.
[(bs) = (a3)] Assume that (bs) holds. It is clear that @ © Q. So, we only need to show
that 9 N (V x R) € 9 N (V x R). To do this, take arbitrarily (x*,a) € @ n (V x R), which
implies that (x*, @) € Q. It follows from this and Theorem 2 that

) €EQ e (pL). (12)
Since (b3) holds, we get from (12) that B
) €EQ  (aX) (13)

This, together with (11), gives
x2)€EQ & (x*a)€Q.

The proof is complete. O

In the special case when V = {0x+} we get some versions of GCCFR from Theorems 2,
3 and 4.
Corollary 1 (GCCFR I). For any a € R, the following statements are equivalent:

(a4) (Po) holds,

(by) (0%, @) € Q.
Proof. The conclusions follows from Theorem 2 by taking V = {0x+}. O
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The following result is a direct consequence of Theorem 3 by taking V = {0x+}.

Corollary 2 (GCCFR 1I). Assume that Q is closed regarding the set {0x+} X R. Then, for any
a € R, the following assertions are equivalent:

(as) (Pa) holds,

(bs) (dq) holds.
In the same way, for a special case where V = {0y+}, we get from Theorem 4,

Corollary 3 (Characterizations of GCCFR). The following statements are equivalent:
(ag) 9 is closed regarding the set {Ox+} X R.

(be) Va € R, [(Pa) © (da)]

Remark 1. The generalized composed convex Farkas-type results developed in this section
significantly generalize previous Farkas-type theorems in the literature. In particular, while
earlier results such as those in the works of Bot et al. (2006a, 2006b), and Long et al. (2010)
focused on either convex systems or DC systems without composed structures, our results
apply to composed convex functions with composed constraints under necessary and sufficient
conditions. Moreover, the concept of V-stable GCCFR introduced here offers a unified
framework that encompasses classical and modern dual characterizations, and the convex set
Q provides a flexible tool for verifying such equivalence results. Hence, our contribution
covers and extends the scope of earlier Farkas-type systems to a more general setting. The
set Q plays a role analogous to the moment cone in classical linear programming, but
extended to the non-linear composite setting. Its closedness provides a unifying condition that
encompasses various constraint qualifications.

3.2. A sufficient condition of generalized composite convex Farkas-type results

We maintain the assumptions on the spaces, sets, mappings and functions as in the
previous sections. For any x* € X*, let us introduce the function ®,: X XY X Z - T* x R
defined by

D (x,y,2) =(HK@x) +2), f(F(x)+y)+ g(x) — (x",x)), V(x,y,z) EX XY X Z.
Remark 2. As F is Y,-convex and K is Z -convex, the functions (x,z) » K(x) + z and
(x,y) » F(x) + y are Y,- convex and T,-convex, respectively. Recall that f is convex and
Y, -increasing; H is T,-convex and Z, — T,-increasing, g is convex. So, the functions
(x,z) » H(K(x) + z) and (x,y) » f(F(x) +y) + g(x) are T,-convex and R,- convex,
respectively. This entails @~ is T, X R -convex for all x* € X*.

The operator [ X XY XZXTXR->Y XZXTXR, defined by Il(x,y,z,t,r) =
(y,z,t,7r) for all (x,y,z,t,1) EX XY XZ XT X, is the projection operator on Y X Z X
T x R. The projection of epipxr®P,+ on Y X Z X T X R will be denoted by

Qyer = Tl(epirxrPy+)-
It follows from Remark 2 that (), is a convex subsetinY X Z X T X R.
We now consider the following condition
f is upper semicontinuous at F (X)
(Co) There exists X € X such that { H is continuous at K (%),
(H o K)(X) € —intT,.
It is worth noting that the condition (Cy) is a sufficient condition of V-stable GCCFR. To see
this, we begin by establishing the following lemma, which plays a key role in proving our

claim.
Lemma 4. [f (Cy) holds then intQ,+ # @ for all x* € X
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Proof. Take arbitrarily x* € X*. Since (H o K)(X) € —intT,, there exists a convex
neighborhood Uy, of the origin 07 such that (H o K)(%X) + U2 c —T,. By the continuity of H
at K (%), there is a neighborhood U, of 07 such that

H(K(X)+z) € (H°K)(%) +%UOT, vz € Uy,
On the other hand, according to the upper semicontinuity of f at F(X) and the fact that (f o
F)(%) < (f e F)(X) + 1, we can find a neighborhood Uy, of Oy such that
fFE®+y) <(feF)@)+1, VyeUy.
Let 7= (f o F)(®) + 1+ g(®) — (x",). For any (v,2,t,7) € Uy, X Ug, X (=3 Us, ) X
|7, oo, one has
—t+HK&X)+z)€ %UOT + (HoK)(%X) + %UGT c (HeK)(®X)+ Uy, c Ty,
r>7>fF&)+y) - g&) — (", %),
which yields (X,y,z,t,7) € epirxr®,*, and consequently,
Uoy X U, % (=3Uop ) X]7,00[C Q- (14)

So, intQ,+ # @ and we are done. O
Theorem 5 (Stable GCCFR). Assume that (Cq) holds. Then, for all (x*,a) € X* X R, (p%)
and (q%) are equivalent.
Proof. Take arbitrarily (x*,a) € X* X R. It is easy to check that [(p%) < (q% )]. The proof
is completed by showing that the converse implication. Indeed, assume that (p% ) holds, i.c.,

(HoK)(x) € =Ty = (foF)(x)+g(x) —{x"x) 2 a, (15)
Then, we will prove that (q% ) holds, as well.
e Firstly, we prove that (0y,0z, 07, a) € intQ,~. Suppose, contrary to our claim, that
(0y, 04,07, @) € intQ,+. Then, there is § > 0 satisfying (0y,0z, 07, a — &) € Q,+, which
means that there exists X € X such that (X, 0y, 04,05, @ — §) € epipxrP,+, and hence,

{OT >r H(K (X)),
a—36=f(Fx)+ g — (x7, X).

This leads to (H o K)(x) € —T, and f(F (%)) + g(x) — (x*, X) < a, contrary to (15).
e Recall that ()« is a convex subset in Y X Z X T X R with non-empty interior. So, we now
apply the separation theorem () to {(Oy, 0 07, @)} and int(,~ to obtain the existence of
k6,40 €Y X Z* X T* X R such that

y,y)+(,z)+ (A t)+{r>(a, VY(y ztr)€intQ,-. (16)
Let f:=max{a,7}+ 1> 7, where 7 = (f o F)(X) + 1 + g(X) — (x", X). According to the
proof of Lemma 4, (Oy, 07,07, B) € Ug, X Ug,, X (—%UOT) x]#, 0o[. Combining this with
(14), one has (0y, 05,07, B) € intQd,«. Substituting (0y, 05, 07, £) into (16) we obtain {f >
(a. This, together with the fact that § > a, yields { > 0. So, by taking y = -, k = % and A =

NI=

%, (16) can be rewritten as

.y +{Kz2)+ Lty +7>a V(y,zt1r) € intQ,-.
Since intQ),» = Q,- (Zalinescu (2002, Theorem 1.1.2)), it follows from the above inequality
that

T+ E2)y+ At +r=a, V(,2zt7) € Q. (17)
» We proceed to show that A € Ty. Take arbitrarily t, € T,. By the definition of (.~ and the
fact that (0y, 04,07, B) € intQ,« € Q,«, we have (0y, 0,4, &t,, B) € Q,« forall £ > 0. Thanks

to (17), a < (A,&t,) + B, and hence, (1,t,) > %. Letting § — 400, one gets (4,t,) =0,
which implies A € T;.

10



Dong Thap University Journal of Science, Online First (2026): 1-18

e Finally, we claim that (q% ) is true. For this purpose, we take arbitrarily x € X. The proof is
completed by showing that
-y 17 *
T -t~z (18)
Indeed, for any (u,v) €Y X Z,
Gy (x,u = F(x),v = K(x) = (H@), f(w) + g(x) — (x*,x)),
which yields (x,u—F(x),v—K(x),HWw), f(u)+ g(x) —(x*,x)) € epirxrPy+, and
hence, (u — F(x),v — K(x), H(v), f(u) + g(x) — (x*,x)) € Q,+. Combining this with (17),
one gets ~
Vou—=F@)+ (kv —Kx)+ALHW) + f(u) + g(x) — (x",x) 2 a,
or equivalently, )
F_L(x) — (x*,x) = a + (=7, u) — f(w) + (K, v) + AH)(v). (19)
It is worth noting that (18) holds for all (u,v) € Y X Z. Therefore,
FZp(x) —{x"x) 2 a + supl(=y,u) = f(w)] + sup[(=Ft, v) + (AH) ()],
u v

which is nothing else but (18). The proof is complete. O
4. DC composed optimization problems with composed constraints

The duality theory developed in this section not only establishes theoretical guarantees
but also facilitates the practical development of algorithms based on dual approaches.

We keep maintaining the assumptions on the spaces, sets, mappings and functions as in
the previous sections. Consider the convex composed optimization problem with composed
constraints and its dual as follows

(P (HoK) (x )e 1, [(f e F)(x) + g(x)],

CCD su inf FY (x .

( ) (M)edorgf*xr { k(0 = (K,/’l)}
kedom(AH)*

A vector x € X is said to be feasible if (H o K)(x) € —T,. If (CCP) has at least one
feasible vector then it is called consistent. It is worth noting that the condition (3) ensures that
(CCP) consistent. The infimum value of the problem (CCP), denoted by val(CCP), is defined
as

val(CCP) : = ol )E T[(f F)(x) + g(x)].

If (CCP) has a feasible vector x satistying val(CCP) = (f o F)(x) + g(x) then (CCP) is said
to be solvable and X is called a solution of (CCP).

For the problem (CCD), a vector (y,k,A) € Y* X Z* X T* is called feasible if y €
domf*, A € T{ and k € dom(AH)*. Similarly, we say that the problem (CCD) is consistent
if it has a feasible vector. The supremum value of the problem (CCD) will be denoted by
val(CCD), where

val(CCD) : = . A)Egg}?lf*ﬂ {mfIF (x) — (K,/l)}'
Kedom(AH)*
If (CCD) has a feasible vector (7, &, A) such that val(CCD) = ;rel}f( FY(x) — r(’;c, 2 then (CCD)

is said to be solvable and (7, k, 1) is called a solution of (CCD).
For each x* € V, we denote the problem (CCP) perturbed by x* by (CCP,+) and its
Lagrange dual problem by (CCD,+), i.e.,

11
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(CCPx) (HoK)l(ralcge—T+ [(f e F)(x) + g(x) — (x", x)]

CCD,- su inf[F%(x) — (x*, x)| — ) 31

ey swp  {InfIFYGO - (0] i )
ke€dom(AH)*

It is easy to see that the dual problem (CCD,) can be rewritten as

su —(FY) ' (x) -1’ .|
(y,l)edorgf*xT; [ (Fi) &) (""1)]
KeEdom(AH)*
Similarly, let us denote by val(CCP,-+) and val(CCD,-) the optimal values of (CCP .) and
(CCD,.), respectively.

We now consider the weak duality for the problem (CCP,.) and its dual.

Theorem 6 (Weak duality). It holds val(CCDy+) < val(CCP,+) for all x* € V. In particular,
val(CCD) < val(CCP).
Proof. Fix x* € V. Take arbitrarily y € domf*, 1 € T{, k € dom(AH)"*, and x € X such that
(H o K)(x) € =T,. Then, by Lemma 2, one has

~(F)) ")~y < (f o )@) + g(0) + A(H o K)() — (¥, %), (20)
Since A € T and (H o K)(x) € —T,, it follows that (AH, K(x)) < 0. This together with (20)
gives

~(FY) (@) =1y < (f o F)() + g(x) = (x°, %),

and hence, val(CCD,+) < val(CCP,+). The rest of the proof runs as before. The proof is
complete. O

We say that “strong duality for the pair (CCP)-(CCD)” if val(CCP) = val(CCD) and
the dual problem (CCD) has a solution. We call “V-stable strong duality for the pair (CCP)-
(CCD)” if strong duality for the pair (CCP,+)-(CCD,+) holds for all x* € V. If X*-stable
strong duality holds for the pair (CCP)-(CCD), we just say that “stable strong duality holds
for the pair (CCP)-(CCD)”. In the case V = {0x+}, V-stable strong duality for the pair (CCP)-
(CCD) becomes strong duality for the pair (CCP)-(CCD).

We next establish the results about V-stable strong duality for the pair (CCP)-(CCD).
Theorem 7 (Stable strong duality 1). Let @ #V < X*. Assume that for any x* €V the
problem (CCPy+) and its dual are both consistent. Then, the following statements are
equivalent to each other:

(c1) Q is closed regarding the setV X R,

(dq) V-stable strong duality holds for the pair (CCP)-(CCD).

Proof. [(c1) = (d1)] Assume that (c4) holds. We claim that V-stable strong duality holds for
the pair (CCP)-(CCD). To do this, take arbitrarily x* € V and prove that strong duality holds
for pair (CCP,+)-(CCD,+). Indeed, according to the assumptions, val(CCP,:) < +oo. If
val(CCP,+) = —oo then by the weak duality one has val(CCD,+) = val(CCP,+) = —o0, in
this case, any pair (¥, 4, k) € domf* x T} X dom(AH)* is a solution of (CCD,+). We now
can assume that a: = val(CCP,+) € R. By the definition of the optimal value of (CCP,+), we
have the statement (p, (x™)) is true. Since (cq) holds, it follows from Theorem 4 that (q,(x™))
is true, i.e, there exist ¥ € domf*, A € T} and K € dom(AH)* such that
[F‘%(x) — r(’:m) —(x*,x) =2 a =val(CCP,+), VxE€X,
and hence, by the definition of val(CCD,+),
; % * 14
val(CCDy+) = ;rel)f([IFk(x) —(x ,x)] T 2 val(CCP,»+).

12
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This, together with the weak duality, yields
val(CCD,+) = ;rel)f([]F%(x) —(x*,x)] -

Vo
(k)
So, val(CCD,+) = val(CCP,+) and (7, , 1) is a solution of (CCD,.+), which means that (d;)
holds.

[(dy) = (cq1)] Assume that (dq) holds, i.e., V-stable strong duality holds for the pair
(CCP)-(CCD). It is clear that Q € Q. We only need to show that g n (VX R) c @ n
(V x R). Indeed, take arbitrarily (x*,a) € @ n (V x R). It follows from Theorem 2 that
(p*,) holds, which entails

= val(CCP,-).

—a < val(CCPy). 2D
As V-stable strong duality holds for the pair (CCP)-(CCD), there is a solution (¥, %, 1) of
(CCD,+) such that

val(CCPy-) = —(F) (x*) = rl5- (22)
Combining (21) with (22), one gets @ > (FL) (x*) + r(’:_c 7> Which yields (x*, &) € 9. So, Q

is closed regarding the set V X R, and we are done. O

We now consider the stable strong duality holds for the pair (CCP)-(CCD) which is a
consequence of Theorem 7.

Corollary 4 (Stable strong duality II). Assume that for any x* € X* the problem (CCP,+) and
its dual are both consistent. Then, the next two statements are equivalent to each other:

(c3) Qisw*-closed in X* X R,

(dy) Stable strong duality holds for the pair (CCP)-(CCD).
Proof. 1t is a direct consequence of Theorem 7 by taking V = X™*. O

As a consequence of Theorem 7, we now provide the strong duality for the pair (CCP)-
(CCD).
Corollary 5 (Strong duality). Assume that the problem (CCP) and its dual are both consistent.
Then, the next two statements are equivalent to each other:

(c3) Q is closed regarding the set {0x+} X R,

(d3) Strong duality holds for the pair (CCP)-(CCD).
Proof. The conclusion follows from Theorem 7 by taking V = {0x+}. O

Corollary 6 (Stable strong duality 1I). Assume that (Cy) holds. Then, stable strong duality
for the pair (CCP)-(CCD) holds.

Proof. The conclusion follows from Theorems 7 and 5. O

Remark 3. [t is worth mentioning that the results established on the stable strong duality and
the strong duality for the pair (CCP)-(CCD) are new and extend the ones in the works of Bot
(2010), Bot et al. (2006a), Jeyakumar et al. (2009), Long et al. (2010) and the references
therein. The stable strong duality results obtained in this section substantially improve upon
previous duality results for convex and DC programs. Unlike classical approaches that rely
on strong constraint qualifications such as Slater-type conditions, our results employ the
closedness of a set Q defined via conjugate functions, allowing duality to be achieved under
significantly weaker assumptions. This approach not only unifies the Fenchel-Lagrange dual
framework for composed structures but also extends strong duality to the stable setting across
perturbations.

13
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5. Applications

5.1. Duality for the DC convex composed optimization problems with composed
constraints

In this section, we study a dual problem for the convex composite problem involving
DC functions (difference convex functions) with composed constraints, called Toland-
Fenchel-Lagrange dual problem (Toland, 1978). All the assumptions on the spaces, sets,

mappings and functions are as in the previous sections. Let h: X — R be a proper, convex and
Isc function. Consider the following problem'

(DCP) [(f e F)(x) + g(x) = h(x)].

(He K)( )E Ty
The stable strong duality for the problem (DCP) can be derived from Corollary 4.
Theorem 10. Assume that the hypotheses of Corollary 4 hold. Assume further that Q is w*-
closed in X* X R. Then, the Toland - Fenchel - Lagrange duality for the problem (DCP) holds,
ie.,
* * Y\* * Y
val(DCP) = inf, - max (G = (FL) () =l -
KeEdom(AH)*
Proof. According to (23) and Theorem /, one has

val(DCP) = irel)f{[(f o F)(x) + g(x) +i_r, (HoK)(x) — h(x)]
X
= _Inf {h"(x") =G (x")} (23)
= ig)f(*{h*(x*) + val(CCP,+)}.
X
Since Q is w*-closed in X* X R, it follows from Corollary 4 that for any x* € X,
_ AT (¥ _ Y
val(CCPy) = max = (FD) (&) ~ rf 4)
K€Edom(AH)*
The conclusion comes from (23) and (24), which completes the proof. O
Theorem 11. Assume that the assumptions of Corollary 6 are true. Then, the Toland - Fenchel
- Lagrange duality for the problem (DCP) holds.
Proof. Similar arguments apply to Corollary 6 by taking V = X*. O
Remark 5. [t is worth noting that the results on Toland - Fenchel - Lagrange duality for the
(DCP) cover some recent ones in the paper of Dinh et al. (2010) and generalize many other
results of this type in the literature.
5.2. Special cases
In this section we consider some special cases of the problem (DCP). Let C c X, F;: X —
R for all i = 1, ..., k. We maintain the assumptions on the function h, the mappings H, K as
in Subsection 5. 1. Consider the problem with composited constraints of the form
OCM) o Bpecn, LR — R}
Set A :={y = (1, ¥i) € RE: T, y; = 1}, and

*

Rl:= U (0y+, (AH)*(K)) + epi E viFi+ic+xkK
(Y,)].)EA;CXT_T_ :
xkedom(AH)* =1

Corollary 8. Assume that R is weak*-closed in X* X R. Then, the Toland - Fenchel -
Lagrange duality for the (DCMP) problem holds, i.e.,
‘ )

k
(y,/lyelg,)fxn, h*(x*) — z yiFi+ic+kK | () —QAH)" (x) ¢ ¢
kedom(AH)* =1

X*EX*

val(DCMP) = inf i

14
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Proof. This is a direct consequence of Theorem /0 with Y = R¥, g = i., f: R¥ - R such that
f(¥) = max{y;, ¥z, ..., ¥} forall y = (y1,¥5, ..., Vi) € R¥ and F: X - Rk,

k
(F, (%), F5(%), ..., Fr(x)) ifx € .ﬂldomFi

=

(0]

F(x) =
Rk otherwise.
It is clear that for eachy € R¥, yF (x) = Z{Ll y; F;(x) for all x € X, the conjugate function of
fisf:R¥ > Rand f* = ip, (Zalinescu, 2002, Corollary 2.4.17). Then the problem (DCMP)
is just a special case of the composite functions problem involving DC functions of the model
(DCP) considered in Theorem /0. In this setting, the set Q is exactly the set R1. Thus, applying
this theorem, we obtain the conclusion of Corollary 8, and we are done. O

We now consider the case where X =R™, Z =T = R™, C c R", H(z) = z for all
z € Z, and h(x) = 0 for all x € X. Then, the problem DCMP now collapses to the min —
max problem studied in

mP) it max @b
We set
k *
R?:= i F 4+ K
(y,x)eAkXTiePl L, ViFi+ic+k
1=

Corollary 9. Assume that R? is weak*-closed in X* X R. Then, the strong duality for the
(DCMP) problem holds, i.e.,

(v, K)EALXTixEC

k
val(MMP) = max _inf Zyl- Fi(x) + (kK)(x)
i=1

Proof. The conclusion of this corollary follows from Corollary & by taking X = R*, Z =T =
R™ CcR" H(z) =zforallze€ Z, h(x) =0forallx € X. O
5.3 Illustrative example in finite dimensions
Consider the composite convex optimization problem (CCP) in R? with the following
Dy, —
dats: X =¥ =2 =T =R, T+ =R Flayx) = (1 502 )y fOmy2) =208 +y3);
X1 + 3x2 2
g(x1,x,) = 8c(x1,x,)  where € ={(x1,x) ER? | x; >0.5,x, >20}; H(z,2,) =
Zq + 0.522 -1 ) _ (lxll)
(0.2z1 47, —0.5) 4K, x2) = x2)
The primal problem (CCP) becomes

] 1
(CCP) min - > [(21 = x2)% + (1 + 3x2)?]
x| +0.5x2 —1 <0,

Subject o o lxy| + 22 — 0.5 < 0,
x1 = 0.5,
xy = 0.
The objective function simplifies to h(x;,x,) = 2.5x% + x;x, + 5x7 with gradient

(5% +x;
Vhx1, xz) = <x1 + 10x,
reveals the optimal value 0.625, attained at (0.5,0).
We derive the dual problem (CCD) by computing the necessary conjugate functions
* 1 : *
o [ (ruv2) =5 f +vF) withdom f* = R
e Ford= (1,1, € R,

). Analysis of the objective function on the feasible region boundary

15
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* _ 2.1 + 052.2 ile = /11 + 0.2/12, Kz = 05&1 + AZ
(AH)" (e, 12) = {+00 otherwise.
e Forx e C(x; =0.5,x, =20),
Fr(x) = Qy1 + vz + k)xy + (=1 + 3¥2)x; + x5
The dual problem (CCD) becomes

. _ 2
(CCD) n%)fm xllgg_s[(zh +¥2 +K1)x + (=¥ + 3v2)x + kx5 ]
A4,A,20 X220

1 5 2
S OF+7D) = (O +052)]
Subject to K1 = Al + 0.212, Ky, = 0.5),1 + Az.
Observe that
. + 0.5y, + 0.5, if2y;+y,+K, =0
£ (2 N 2 1 1 2 1
xllgo.s( Vityzte)n {—oo otherwise.
So, to ensure finite dual value, we require 2y, + y, + k; = 0. Substituting x; = 4, + 0.24,
and k, = 0.51; + 4,, we obtain the explicit dual problem
(CCD)  max { inf [(—yy + 37,)%, + (0.51; + A,)x2]
yllVZE]R XZZO
A1,4,20

1
+(y1 + 0.5y, + 0.54; + 0.14,) — E(yf +y2)— (4, + 0.5/12)}

subjectto  2y; +y, +1; +0.24, = 0.
Define
a ==y +3y2;
B =054+, (B =0since 4,4, = 0).
The solution to the inner minimization problem ®(a, ) = inf,_>q[ax, + B x3] is given by
2

a a
—E L>0anda <0 (minimumatx§=—ﬁ),
O(a, ) =40 B >0anda >0 (minimum atx; = 0),
0 B=0anda >0 (minimum atx; = 0),

—o0 B=0anda <0 (unbounded below).
Casel:f=0,a =20
B = 0 implies 1; = A, = 0. The dual objective simplifies to

W(y1,¥2,0,0) = (y1 + 0.572) — 5 (v2 +72).
In Case 1, the dual objective simplifies to a concave quadratic function in y; and y,. This
function attains its maximum value of 0.625 at (y{,¥2) = (1,0.5). Furthermore, the
constraints @ = 0 and 2y; + y, = 0 are satisfied at this point.
Case2:>0,a<0
The dual objective becomes

Wy, Vo Ay, Ay) = — 14312 0.5y, — 2 (42 + y2) — 051, — 0.42
Y1, V2, A1, A2) = 4(0.5/11”2)"')’1"‘ Y2 2()/1 +7v7) oA Ay,

The gradient condition V¥ = 0 yields no interior solution. On the boundary &« = 0 (y; =
3y,), the objective becomes

W(3Y2, V2, A1,42) = 3.5¥, — 5¥% — 0.54; — 0.44, < 0.6125 — 0.54; — 0.41, < 0.6125.
Since 8 > 0 requires at least one of 14,4, > 0, the maximum in this case is strictly less than
0.625.
Therefore, the maximum dual value is achieved in Case 1.
We have established
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val(CCP) = val(CCD) = 0.625.

This confirms strong duality between the primal problem (CCP) and its Fenchel-
Lagrange dual (CCD), despite the nonlinear transformation K(x) = (|x],x2) in the
constraints. The equality of primal and dual optimal values validates the theoretical
framework.

This example demonstrates the application of our duality framework to problems
involving nonlinear composite mappings. The primal problem contains absolute-value and
quadratic terms within the constraint mapping K, whereas the dual problem reduces to a four-
variable optimization with a one-dimensional sub-problem.

6. Conclusion

In this paper, we have studied a class of generalized convex optimization problems in
which both the objective function and the constraint mappings are represented as compositions
of convex (or DC) functions. Motivated by the quest for a unified duality framework
encompassing composed convex systems and DC structures, we have established generalized
Farkas-type results for systems of inequalities involving composite functions under the
necessary and sufficient conditions. These results provide a fundamental tool for deriving
stable strong duality and strong duality results for a broad class of primal-dual formulations
constructed via conjugate duality principles. The proposed framework unifies and extends
existing results in convex and DC programming, and it encompasses a wide range of
optimization problems, including DC systems and min—max models. Moreover, it addresses
the stability of strong duality under perturbations in the sense of Jeyakumar and Li.

The main contributions of this work are as follows: (i) the derivation of characterizations
of Farkas-type results for systems involving convex composite functions with composed
constraints; (ii) the formulation of duality theorems that extend the classical Fenchel-Lagrange
duality to optimization problems involving composed convex and DC structures.

Acknowledgements: The authors are grateful to the anonymous referees for their
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  ( f ∘ F ) ( x )


  f


  F


  ( f ∘ F ) ( x ) + g ( x )


  ( H ∘ K ) ( x ) ∈ −   T +


  ( CCP )      inf  ( H ∘ K ) ( x ) ∈ −   T +  [ ( f ∘ F ) ( x ) + g ( x ) ] ,


  F , H , K


  ( CCD )      sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  {  inf  x ∈ X  [ 𝛾 F ( x ) + g ( x ) + 𝜅 K ( x ) ] −   f ∗ ( 𝛾 ) − ( 𝜆 H  ) ∗ ( 𝜅 ) } .


    f ∗


  ( 𝜆 H  ) ∗


  ( CCP )


  ( CCD )


  ( CCP )


  ( CCD )


   ℝ ¯   : = ℝ ∪  { ∞ }


  ∞ + 𝛼 = 𝛼 + ∞ = ∞


  a ∈  ℝ ¯


  𝛼 ∞ = ∞


  𝛼 ∈  ℝ + ∪  { ∞ } .


  ≤


  𝛼 ≤ ∞


  𝛼 ∈  ℝ ¯ .


  X


    X ∗


   ​ ∗


  D ⊂ X


  D


    i  D


    i  D ( x )   : =  {    0 ,  if  x ∈ D ,   ∞ ,  if  x ∉ D .


  A ⊂ X


    A ¯


  A


  B ⊂ X


  A ∩ B =   A ¯ ∩ B


  h : X →  ℝ ¯


  h


     dom h    : = { x ∈ X ∣ h ( x ) ≠ ∞ } ,   epi h    : = { ( x , r ) ∈ X × ℝ ∣ x ∈ dom h ,   h ( x ) ≤ r } .


  h


  dom h ≠ ∅


  h


  epi h


  h


  epi h


  X × ℝ


  X


  Γ ( X )


  h


  h ,    h ∗ :   X ∗ →  ℝ ¯


   h ∗ (   x ∗ ) = sup { ⟨   x ∗ , x ⟩ − h ( x ) ∣ x ∈   dom   h } ,   ∀   x ∗ ∈   X ∗ .


   h ∗


   h ∗ (   x ∗ ) + h (   x ‾ ) − ⟨   x ∗ ,   x ‾ ⟩ ≥ 0 .


    x ‾ ∈ dom h


  𝜖 ≥ 0


  𝜖


  h


    x ‾


     ∂ h (   x ‾ )  =  {   x ∗ ∈   X ∗ ∣ ⟨   x ∗ , x −   x ‾ ⟩ ≤ h ( x ) − h (   x ‾ ) ,   ∀ x ∈ X } ,    ∂  𝜖 h (   x ‾ )  =  {   x ∗ ∈   X ∗ ∣ ⟨   x ∗ , x −   x ‾ ⟩ ≤ h ( x ) − h (   x ‾ ) + 𝜖 ,   ∀ x ∈ X } .


  h : X →  ℝ ¯


    x ‾ ∈ dom h


  𝜖 ≥ 0


  0 ≤   𝜖 1 ≤   𝜖 2


  ∂ h (   x ‾ ) =  ∂ 0 h (   x ‾ ) ⊂  ∂    𝜖 1 h (   x ‾ ) ⊂  ∂    𝜖 2 h (   x ‾ ) .


    x ∗ ∈ ∂ h (   x ‾ )   if and only if    h ∗ (   x ∗ ) + h (   x ‾ ) − ⟨   x ∗ ,   x ‾ ⟩ = 0 .


    x ∗ ∈  ∂  𝜖 h (   x ‾ )   if and only if    h ∗ (   x ∗ ) + h (   x ‾ ) ≤ ⟨   x ∗ ,   x ‾ ⟩ + 𝜖 .


    x ∗ ∈  ∂  𝜖 h (   x ‾ )   if and only if    h ∗ (   x ∗ ) + h (   x ‾ ) ≤ ⟨   x ∗ ,   x ‾ ⟩ + 𝜖 .


  h ∈ Γ ( X )


  g : X →  ℝ ¯


   inf  x ∈ X  [ g ( x ) − h ( x ) ] =  inf    x ∗ ∈   X ∗  [  h ∗ (   x ∗ ) −   g ∗ (   x ∗ ) ] .


  Y


    Y +


  Y


   0  Y ∈   Y +


    y 1  ≤  Y   y 2


    y 1 −   y 2 ∈ −   Y + .


  Y


   ≤  Y


   ∞  Y


    Y •   : = Y ∪ {  ∞  Y }


  y  ≤  Y  ∞  Y


  y ∈   Y •


    Y •


     y +  ∞  Y =  ∞  Y + y =  ∞  Y ,   ∀ y ∈   Y • ,         𝛼  ∞  Y =  ∞  Y ,   ∀ 𝛼 ≥ 0 .


    Y +


    Y + ∗   : = { 𝛾 ∈   Y ∗ ∣ ⟨ 𝛾 , y ⟩ ≥ 0 ,   ∀ y ∈   Y + } .


  F : X →   Y •


  F


  dom F =  {  x ∈ X ∣  F  ( x ) ∈ Y }


  F


  dom F ≠ ∅


  F


    Y +


  x , y ∈ X


  t ∈ ] 0 , 1 [


  F ( t x + ( 1 − t ) y ) − t F ( x ) − ( 1 − t ) F ( y ) ∈ −   Y + ,


   epi  Y F


  X × Y


   epi  Y F   : =  { ( x , y ) ∈ X × Y : F ( x ) ∈ y −   Y + } .


    X +


  X


  F


    X + −   Y +


  F (   x 1 )  ≤  Y F (   x 2 )


    x 1  ≤  X   x 2


  f : Y →  ℝ ¯


  f ∘ F : X →  ℝ ¯


  ( f ∘ F ) ( x )   : =  {    f ( F ( x ) ) ,  if  x ∈ dom F ,   ∞ ,  else .


  f


    Y +


    y 1 ,   y 2 ∈ Y


    y 1  ≤  Y   y 2


  f (   y 1 ) ≤ f (   y 2 ) .


  f


    Y +


  F


    Y +


  f ∘ F


  X


  Y


  Z


  T


    X ∗


    Y ∗


    Z ∗


    T ∗


   ​ ∗


  F : X →   Y •


  f : Y →  ℝ ¯


  g : X →  ℝ ¯


  K : X →   Z •


  H : Z →   T •


  dom ( f ∘ F + g ) ∩ ( H ∘ K  )  − 1 ( −   T + ) ≠ ∅ ,


    T +


  T


    T + ∗


    Y +


    Z +


  Y


  Z


  g


  f


    Y +


  F


    Y +


  K


    Z +


  H


    T +


    Z + −   T +


  ∅ ≠ 𝒱 ⊂   X ∗


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   𝐩  𝛼    x ∗ )     ( H ∘ K ) ( x ) ∈ −   T +   ⇒   ( f ∘ F ) ( x ) + g ( x ) −  ⟨   x ∗ , x ⟩ ≥ 𝛼 ,


  (   𝐩  𝛼 ) ≡ (   𝐩  𝛼   0    X ∗ )   ( H ∘ K ) ( x ) ∈ −   T +   ⇒   ( f ∘ F ) ( x ) + g ( x ) ≥ 𝛼 .


  (   𝐩  𝛼 )


  [ (   𝐩  𝛼    x ∗ ) ​ ⇔ ​ (     𝐩 ~  𝛼    x ∗ ) ] ,   ∀ (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ ,


  (     𝐩 ~  𝛼    x ∗ )


  𝒱


  𝒱


  ( 𝛾 , 𝜅 , 𝜆 ) ∈   Y ∗ ×   Z ∗ ×   T ∗


    𝐫  ( 𝜅 , 𝜆 )  𝛾


    𝔽  𝜅  𝛾 : X →  ℝ ¯


       𝐫  ( 𝜅 , 𝜆 )  𝛾 =   f ∗ ( 𝛾 ) + ( 𝜆 H  ) ∗ ( 𝜅 ) ,           𝔽  𝜅  𝛾 ( x ) = 𝛾 F ( x ) + g ( x ) + 𝜅 K ( x ) ,   ∀ x ∈ X .


  (   x ∗ , 𝛾 , 𝜅 , 𝜆 ) ∈   X ∗ ×   Y ∗ ×   Z ∗ ×   T ∗


  x ∈ X


     (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) +   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≥ ⟨   x ∗ , x ⟩ − ( f ∘ F ) ( x ) − g ( x ) − 𝜆 ( H ∘ K ) ( x ) .


  (   x ∗ , 𝛾 , 𝜅 , 𝜆 ) ∈   X ∗ ×   Y ∗ ×   Z ∗ ×   T ∗


  x ∈ X


    𝔽  𝜅  𝛾


     (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) =  sup    x ′ ∈ X  [ ⟨   x ∗ ,   x ′ ⟩ −   𝔽  𝜅  𝛾 (   x ′ ) ] ≥ ⟨   x ∗ , x ⟩ − 𝛾 F ( x ) − g ( x ) − 𝜅 K ( x )


    𝐫  ( 𝜅 , 𝜆 )  𝛾 =  sup    y ′ ∈ Y  [ ⟨ 𝛾 ,   y ′ ⟩ − f (   y ′ ) ] +  sup    z ′ ∈ Z  [ ⟨ 𝜅 ,   z ′ ⟩ − ( 𝜆 H ) (   z ′ ) ] ≥ ⟨ 𝛾 , y ⟩ − f ( y ) + ⟨ 𝜅 , z ⟩ − ( 𝜆 H ) ( z ) ,   ∀ ( y , z ) ∈ Y × Z .


     (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) +   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≥ ⟨   x ∗ , x ⟩ − 𝛾 F ( x ) − g ( x ) − ( 𝜅 K ) ( x ) + ⟨ 𝛾 , y ⟩ − f ( y ) + ⟨ 𝜅 , z ⟩ − ( 𝜆 H ) ( z ) ,   ∀ ( y , z ) ∈ Y × Z .


  y = F ( x )


  z = K ( x )


  g ∈ Γ ( X )


  f ∈ Γ ( Y )


  𝛾 F ∈ Γ ( X )


  𝛾 ∈ dom   f ∗


  𝜆 H ∈ Γ ( Z )


  𝜆 ∈   T + ∗


  𝜅 K ∈ Γ ( X )


  𝜅 ∈ dom ( 𝜆 H  ) ∗


  𝜆 ∈   T + ∗


  𝒬 =  ⋃     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  [  (  0    X ∗ ,   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) + epi    (   𝔽  𝜅  𝛾 ) ∗ ] .


  𝒬


    X ∗ × ℝ


  (   x  i ∗ ,   𝛼  i ) ∈ 𝒬


  i = 1 , 2


  (   𝛾  i ,   𝜆  i ) ∈ dom   f ∗ ×   T + ∗


    𝜅  i ∈ dom (   𝜆  i H  ) ∗


     (   𝔽    𝜅  i    𝛾  i ) ∗ (   x  i ∗ ) +   𝐫  (   𝜅  i ,   𝜆  i )    𝛾  i ≤   𝛼  i


  i = 1 , 2


  𝜇 , 𝜈 ∈ ] 0 , 1 [


  𝜇 + 𝜈 = 1


     𝜇   𝛼 1 + 𝜈   𝛼 2 ≥ 𝜇    (   𝔽    𝜅 1    𝛾 1 ) ∗ (   x 1 ∗ ) + 𝜇   𝐫  (   𝜅 1 ,   𝜆 1 )    𝛾 1 + 𝜈    (   𝔽    𝜅 2    𝛾 2 ) ∗ (   x 2 ∗ ) + 𝜈   𝐫  (   𝜅 2 ,   𝜆 2 )    𝛾 2 .


    𝔽  𝜅  𝛾


  𝜇   𝛼 1 + 𝜈   𝛼 2 ≥ ⟨ 𝜇   x 1 ∗ + 𝜈   x 2 ∗ , x ⟩ −   𝔽  𝜇   𝜅 1 + 𝜈   𝜅 2  𝜇   𝛾 1 + 𝜈   𝛾 2 ( x ) + ⟨ 𝜇   𝛾 1 + 𝜈   𝛾 2 , y ⟩ − f ( y ) + ⟨ 𝜇   𝜅 1 + 𝜈   𝜅 2 , z ⟩ − ( 𝜇   𝜆 1 + 𝜈   𝜆 2 ) H ( z ) ,


  ( x , y , z ) ∈ X × Y × Z .


  𝜇   𝛼 1 + 𝜈   𝛼 2 ≥    (   𝔽  𝜇   𝜅 1 + 𝜈   𝜅 2  𝜇   𝛾 1 + 𝜈   𝛾 2 ) ∗ ( 𝜇   x 1 ∗ + 𝜈   x 2 ∗ ) +   𝐫  ( 𝜇   𝜅 1 + 𝜈   𝜅 2 , 𝜇   𝜆 1 + 𝜈   𝜆 2 )  𝜇   𝛾 1 + 𝜈   𝛾 2 .


  ( 𝜇   𝛾 1 + 𝜈   𝛾 2 , 𝜇   𝜆 1 + 𝜈   𝜆 2 ) ∈ dom   f ∗ ×   T + ∗


  dom   f ∗


    T + ∗


  𝜇   𝜅 1 + 𝜈   𝜅 2 ∈ dom [ ( 𝜇   𝜆 1 + 𝜈   𝜆 2 ) H  ] ∗


  𝜇 (   x 1 ∗ ,   𝛼 1 ) + 𝜈 (   x 2 ∗ ,   𝛼 2 ) ∈ 𝒬


  𝒱


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   a 1 )


  (   𝐩  𝛼    x ∗ )


  (   b 1 )


  (   x ∗ , − 𝛼 ) ∈   𝒬 ¯


  epi    ( f ∘ F + g +   i  −   T + ∘ ( H ∘ K ) ) ∗ =   𝒬 ¯ .


  𝜙


    X ∗


  𝜙 (   x ∗ ) =  inf     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∗ (   x ∗ ) =  inf     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) +   𝐫  ( 𝜅 , 𝜆 )  𝛾 ,   ∀   x ∗ ∈   X ∗ .


  ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗


  𝜅 ∈ dom ( 𝜆 H  ) ∗


  (   C 1 )


    𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾


  𝜆 H


  f


  Γ ( X )


  x ∈ X


    𝜙 ∗  ( x ) =  sup    x ∗ ∈   X ∗  [ ⟨   x ∗ , x ⟩ −  inf     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∗ (   x ∗ ) ]


   sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  sup  u ∈   X ∗  [ ⟨   x ∗ , x ⟩ −    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∗ (   x ∗ ) ]


   sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 )  ∗ ∗ ( x ) =  sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ( x )


   sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  [  ( 𝛾 F + g + 𝜅 K ) ( x ) −   f ∗ ( 𝛾 ) − ( 𝜆 H  ) ∗ ( 𝜅 ) ]


  g ( x ) +  sup  𝛾 ∈ dom   f ∗  [ ( 𝛾 F ) ( x ) −   f ∗ ( 𝛾 ) ] +  sup  𝜆 ∈   T + ∗  sup  𝜅 ∈ dom ( 𝜆 H  ) ∗  [ 𝜅 K ( x ) − ( 𝜆 H  ) ∗ ( 𝜅 ) ]


  g ( x ) +   f  ∗ ∗ ( F ( x ) ) +  sup  𝜆 ∈   T + ∗  { ( 𝜆 H  )  ∗ ∗ ( K ( x ) ) } = g ( x ) + f ( F ( x ) ) +  sup  𝜆 ∈   T + ∗  { ⟨ 𝜆 , H ( K ( x ) ) ⟩ }


  f ( F ( x ) ) + g ( x ) +   i  −   T + ∘ ( H ∘ K ) ( x )


     ( f ∘ F + g +   i  −   T + ∘ ( H ∘ K ) ) ∗ =   𝜙  ∗ ∗


  epi    ( f ∘ F + g +   i  −   T + ∘ ( H ∘ K ) ) ∗ = epi   𝜙  ∗ ∗ = epi   co 𝜙 ¯ =   coepi 𝜙 ¯ ,


    co 𝜙 ¯


  𝜙


    coepi 𝜙 ¯ =   coepi  (  inf     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∗ ) ¯ =   co  (  ⋃     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗ epi    (   𝔽  𝜅  𝛾 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∗ ) ¯


  =   co 𝒬 ¯ =   𝒬 ¯


  (   a 1 )


  (   b 1 )


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   𝐩  𝛼    x ∗ )


     ( f ∘ F + g +   i  −   T + ∘ ( H ∘ K ) ) ∗ (   x ∗ ) ≤ − 𝛼 ,


  (   x ∗ , − 𝛼 ) ∈ epi    ( f ∘ F + g +   i  −   T + ∘ ( H ∘ K ) ) ∗ .


  (   b 1 )


  𝒱


  𝒬


  𝒱 × ℝ


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   a 2 )


  (   𝐩  𝛼    x ∗ )


  (   b 2 )


  ∃ ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗ ,   ∃ 𝜅 ∈ dom ( 𝜆 H  ) ∗ :   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 −  ⟨   x ∗ , x ⟩ ≥ 𝛼 ,   ∀ x ∈ X .


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   a 2 )   ⇔   (   x ∗ , − 𝛼 ) ∈   𝒬 ¯ .


  𝒬


  𝒱 × ℝ


  (   x ∗ , − 𝛼 ) ∈   𝒬 ¯   ⇔   (   x ∗ , − 𝛼 ) ∈ 𝒬 .


  (   x ∗ , − 𝛼 ) ∈ 𝒬 ⇔ ∃ ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ​ ×   T + ∗ ,   ∃ 𝜅 ∈ dom ( 𝜆 H  ) ∗ : (   x ∗ , − 𝛼 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ) ∈ epi    (   𝔽  𝜅  𝛾 ) ∗ .


  (   x ∗ , − 𝛼 ) ∈ 𝒬 ⇔ ∃ ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ​ ×   T + ∗ ,   ∃ 𝜅 ∈ dom ( 𝜆 H  ) ∗ : − 𝛼 −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≥    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) .


  (   x ∗ , − 𝛼 ) ∈ 𝒬   ⇔   (   b 2 ) .


  (   𝐪  𝛼    x ∗ )


  (   b 2 )


  (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ


  (   𝐪  𝛼    x ∗ )   ∃ ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗ ,   ∃ 𝜅 ∈ dom ( 𝜆 H  ) ∗ :   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 −  ⟨   x ∗ , x ⟩ ≥ 𝛼 ,   ∀ x ∈ X .


  𝒱 = {  0    X ∗ }


  (   𝐪  𝛼    x ∗ )


  (   𝐪  𝛼 )   ∃ ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗ ,   ∃ 𝜅 ∈ dom ( 𝜆 H  ) ∗ :   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≥ 𝛼 ,   ∀ x ∈ X .


  𝒱


  (   𝐚  𝟑 )


  𝒬


  𝒱 × ℝ


  (   𝐛  𝟑 )


  ∀ (   x ∗ , 𝛼 ) ∈ 𝒱 × ℝ ,


  [ (   𝐩  𝛼    x ∗ ) ​ ⇔ ​ (   𝐪  𝛼    x ∗ ) ]


  [ (   𝐚  𝟑 )


  ⇒


  (   𝐛  𝟑 ) ]


  (   𝐚  𝟑 )


  (   𝐛  𝟑 )


  [ (   𝐛  𝟑 )


  ⇒


  (   𝐚  𝟑 ) ]


  (   𝐛  𝟑 )


  𝒬 ⊂   𝒬 ¯


    𝒬 ¯ ∩  ( 𝒱 × ℝ ) ⊂ 𝒬 ∩  ( 𝒱 × ℝ )


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯ ∩  ( 𝒱 × ℝ )


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯   ⇔   (   𝐩  − 𝛼    x ∗ ) .


  (   𝐛  𝟑 )


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯   ⇔   (   𝐪  − 𝛼    x ∗ ) .


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯   ⇔   (   x ∗ , 𝛼 ) ∈ 𝒬 .


  𝒱 = {  0    X ∗ }


  𝛼 ∈ ℝ


  (   𝐚  𝟒 )


  (   𝐩  𝛼 )


  (   𝐛  𝟒 )


  (  0    X ∗ , 𝛼 ) ∈   𝒬 ¯


  𝒱 = {  0    X ∗ }


  𝒱 = {  0    X ∗ }


  𝒬


  {  0    X ∗ } × ℝ


  𝛼 ∈ ℝ


  (   𝐚  𝟓 )


  (   𝐩  𝛼 )


  (   𝐛  𝟓 )


  (   𝐪  𝛼 )


  𝒱 = {  0    X ∗ }


  (   𝐚  𝟔 )


  𝒬


  {  0    X ∗ } × ℝ


  (   𝐛  𝟔 )


  ∀ 𝛼 ∈ ℝ ,


  [ (   𝐩  𝛼 ) ​ ⇔ ​ (   𝐪  𝛼 ) ]


  V


  Q


  Q


    x ∗ ∈   X ∗


   Φ    x ∗ : X × Y × Z →   T • ×  ℝ ¯


   Φ    x ∗ ( x , y , z ) =  ( H ( K ( x ) + z ) , f ( F ( x ) + y ) + g ( x ) − ⟨   x ∗ , x ⟩ ) ,   ∀ ( x , y , z ) ∈ X × Y × Z .


  F


    Y +


  K


    Z +


  ( x , z ) ↦ K ( x ) + z


  ( x , y ) ↦ F ( x ) + y


    Y +


    T +


  f


    Y +


  H


    T +


    Z + −   T +


  g


  ( x , z ) ↦ H ( K ( x ) + z )


  ( x , y ) ↦ f ( F ( x ) + y ) + g ( x )


    T +


   ℝ +


   Φ    x ∗


    T + ×  ℝ +


    x ∗ ∈   X ∗


  Π : X × Y × Z × T × ℝ → Y × Z × T × ℝ


  Π ( x , y , z , t , r ) = ( y , z , t , r )


  ( x , y , z , t , r ) ∈ X × Y × Z × T × ℝ


  Y × Z × T × ℝ


   epi  T × ℝ  Φ    x ∗


  Y × Z × T × ℝ


   Ω    x ∗ = Π (  epi  T × ℝ  Φ    x ∗ ) .


   Ω    x ∗


  Y × Z × T × ℝ


  (   C 0 )    There exists    x ^ ∈ X  such that   {    f  is upper semicontinuous at  F (   x ^ )   H  is continuous at  K (   x ^ ) ,   ( H ∘ K ) (   x ^ ) ∈ − int   T + .


  (   C 0 )


  𝒱


  (   C 0 )


  int  Ω    x ∗ ≠ ∅


    x ∗ ∈   X ∗


    x ∗ ∈   X ∗


  ( H ∘ K ) (   x ^ ) ∈ − int   T +


    U   0  T


   0  T


  ( H ∘ K ) (   x ^ ) +   U  T 0 ⊂ −   T +


  H


  K (   x ^ )


    U   0  Z


   0  Z


  H ( K (   x ^ ) + z ) ∈ ( H ∘ K ) (   x ^ ) +  1 2   U   0  T ,   ∀ z ∈   U   0  Z .


  f


  F (   x ^ )


  ( f ∘ F ) (   x ^ ) < ( f ∘ F ) (   x ^ ) + 1


    U   0  Y


   0  Y


  f ( F (   x ^ ) + y ) < ( f ∘ F ) (   x ^ ) + 1 ,   ∀ y ∈   U  Y 0 .


    r ^ = ( f ∘ F ) (   x ^ ) + 1 + g (   x ^ ) − ⟨   x ∗ ,   x ^ ⟩


  ( y , z , t , r ) ∈   U   0  Y ×   U   0  Z ×  ( −  1 2   U   0  T ) × ]   r ^ , ∞ [


   {    − t + H ( K (   x ^ ) + z ) ∈  1 2   U   0  T + ( H ∘ K ) (   x ^ ) +  1 2   U   0  T ⊂ ( H ∘ K ) (   x ^ ) +   U   0  T ⊂ −   T + ,   r >   r ^ > f ( F (   x ^ ) + y ) − g (   x ^ ) − ⟨   x ∗ ,   x ^ ⟩ ,


  (   x ^ , y , z , t , r ) ∈  epi  T × ℝ  Φ    x ∗


    U   0  Y ×   U   0  Z ×  ( −  1 2   U   0  T ) × ]   r ^ , ∞ [ ⊂  Ω    x ∗ .


  int  Ω    x ∗ ≠ ∅


  (   C 0 )


  (   x ∗ , 𝛼 ) ∈   X ∗ × ℝ


  (   𝐩  𝛼    x ∗ )


  (   𝐪  𝛼    x ∗ )


  (   x ∗ , 𝛼 ) ∈   X ∗ × ℝ


  [ (   𝐩  𝛼    x ∗ ) ​ ⇐ ​ (   𝐪  𝛼    x ∗ ) ]


  (   𝐩  𝛼    x ∗ )


  ( H ∘ K ) ( x ) ∈ −   T +   ⇒   ( f ∘ F ) ( x ) + g ( x ) −  ⟨   x ∗ , x ⟩ ≥ 𝛼 ,


  (   𝐪  𝛼    x ∗ )


  •


  (  0  Y ,  0  Z ,  0  T , 𝛼 ) ∉ int  Ω    x ∗


  (  0  Y ,  0  Z ,  0  T , 𝛼 ) ∈ int  Ω    x ∗


  𝛿 > 0


  (  0  Y ,  0  Z ,  0  T , 𝛼 − 𝛿 ) ∈  Ω    x ∗


    x ‾ ∈ X


  (   x ‾ ,  0  Y ,  0  Z ,  0  T , 𝛼 − 𝛿 ) ∈  epi  T × ℝ  Φ    x ∗


   {     0  T  ≥  T H ( K (   x ‾ ) ) ,   𝛼 − 𝛿 ≥ f ( F (   x ‾ ) ) + g (   x ‾ ) − ⟨   x ∗ ,   x ‾ ⟩ .


  ( H ∘ K ) (   x ‾ ) ∈ −   T +


  f ( F (   x ‾ ) ) + g (   x ‾ ) − ⟨   x ∗ ,   x ‾ ⟩ < 𝛼


  •


   Ω    x ∗


  Y × Z × T × ℝ


  { (  0  Y ,  0  Z ,  0  T , 𝛼 ) }


  int  Ω    x ∗


  ( 𝛾 , 𝜅 , 𝜆 , 𝜁 ) ∈   Y ∗ ×   Z ∗ ×   T ∗ × ℝ


  ⟨ 𝛾 , y ⟩ + ⟨ 𝜅 , z ⟩ + ⟨ 𝜆 , t ⟩ + 𝜁 r > 𝜁 𝛼 ,   ∀ ( y , z , t , r ) ∈ int  Ω    x ∗ .


  𝛽   : = max { 𝛼 ,   r ^ } + 1 >   r ^


    r ^ = ( f ∘ F ) (   x ^ ) + 1 + g (   x ^ ) − ⟨   x ∗ ,   x ^ ⟩


  (  0  Y ,  0  Z ,  0  T , 𝛽 ) ∈   U   0  Y ×   U   0  Z ×  ( −  1 2   U   0  T ) × ]   r ^ , ∞ [


  (  0  Y ,  0  Z ,  0  T , 𝛽 ) ∈ int  Ω    x ∗


  (  0  Y ,  0  Z ,  0  T , 𝛽 )


  𝜁 𝛽 > 𝜁 𝛼


  𝛽 > 𝛼


  𝜁 > 0


    𝛾 ‾ =   𝛾  𝜁


    𝜅 ‾ =   𝜅  𝜁


    𝜆 ‾ =   𝜆  𝜁


  ⟨   𝛾 ‾ , y ⟩ + ⟨   𝜅 ‾ , z ⟩ + ⟨   𝜆 ‾ , t ⟩ + r > 𝛼 ,   ∀ ( y , z , t , r ) ∈ int  Ω    x ∗ .


    int  Ω    x ∗ ¯ =    Ω    x ∗ ¯


  ⟨   𝛾 ‾ , y ⟩ + ⟨   𝜅 ‾ , z ⟩ + ⟨   𝜆 ‾ , t ⟩ + r ≥ 𝛼 ,   ∀ ( y , z , t , r ) ∈  Ω    x ∗ .


  •


    𝜆 ‾ ∈   T + ∗


    t + ∈   T +


   Ω    x ∗


  (  0  Y ,  0  Z ,  0  T , 𝛽 ) ∈ int  Ω    x ∗ ⊂  Ω    x ∗


  (  0  Y ,  0  Z , 𝜉   t + , 𝛽 ) ∈  Ω    x ∗


  𝜉 > 0


  𝛼 ≤ ⟨   𝜆 ‾ , 𝜉   t + ⟩ + 𝛽


  ⟨   𝜆 ‾ ,   t + ⟩ ≥   𝛼 − 𝛽  𝜉


  𝜉 → + ∞


  ⟨   𝜆 ‾ ,   t + ⟩ ≥ 0


    𝜆 ‾ ∈   T + ∗


  •


  (   𝐪  𝛼    x ∗ )


  x ∈ X


    𝔽  −   𝜅 ‾  −   𝛾 ‾ ( x ) −   𝐫  ( −   𝜅 ‾ ,   𝜆 ‾ )  −   𝛾 ‾ −  ⟨   x ∗ , x ⟩ ≥ 𝛼 .


  ( u , v ) ∈ Y × Z


   Φ    x ∗ ( x , u − F ( x ) , v − K ( x ) ) = ( H  ( v ) , f ( u ) + g ( x ) − ⟨   x ∗ , x ⟩ ) ,


  ( x , u − F ( x ) , v − K ( x ) , H ( v ) , f ( u ) + g ( x ) − ⟨   x ∗ , x ⟩ ) ∈  epi  T × ℝ  Φ    x ∗


   ( u − F ( x ) , v − K ( x ) , H ( v ) , f ( u ) + g ( x ) − ⟨   x ∗ , x ⟩ ) ∈  Ω    x ∗ .


  ⟨   𝛾 ‾ , u − F ( x ) ⟩ + ⟨   𝜅 ‾ , v − K ( x ) ⟩ + ⟨   𝜆 ‾ , H ( v ) ⟩ + f ( u ) + g ( x ) − ⟨   x ∗ , x ⟩ ≥ 𝛼 ,


    𝔽  − 𝜅  − 𝛾 ( x ) −  ⟨   x ∗ , x ⟩ ≥ 𝛼 + ⟨ −   𝛾 ‾ , u ⟩ − f ( u ) + ⟨ −   𝜅 ‾ , v ⟩ + (   𝜆 ‾ H ) ( v ) .


  ( u , v ) ∈ Y × Z


    𝔽  −   𝜅 ‾  −   𝛾 ‾ ( x ) −  ⟨   x ∗ , x ⟩ ≥ 𝛼 +  sup  u ∈ Y [ ⟨ −   𝛾 ‾ , u ⟩ − f ( u ) ] +  sup  v ∈ Z [ ⟨ −   𝜅 ‾ , v ⟩ + (   𝜆 ‾ H ) ( v ) ] ,


     ( CCP )       inf  ( H ∘ K ) ( x ) ∈ −   T +  [ ( f ∘ F ) ( x ) + g ( x ) ] ,   ( CCD )       sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  {  inf  x ∈ X   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 } .


  x ∈ X


  ( H ∘ K ) ( x ) ∈ −   T +


  ( CCP )


  ( CCP )


  ( CCP )


  val ( CCP )


  val ( CCP )   : =  inf  ( H ∘ K ) ( x ) ∈ −   T +  [ ( f ∘ F ) ( x ) + g ( x ) ] .


  ( CCP )


    x ‾


  val ( CCP ) = ( f ∘ F ) (   x ‾ ) + g (   x ‾ )


  ( CCP )


    x ‾


  ( CCP )


  ( CCD )


  ( 𝛾 , 𝜅 , 𝜆 ) ∈   Y ∗ ×   Z ∗ ×   T ∗


  𝛾 ∈ dom   f ∗


  𝜆 ∈   T + ∗


  𝜅 ∈ dom ( 𝜆 H  ) ∗


  ( CCD )


  ( CCD )


  val  ( CCD ) ,


  val ( CCD )   : =  sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  {  inf  x ∈ X   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 } .


  ( CCD )


  (   𝛾 ‾ ,   𝜅 ‾ ,   𝜆 ‾ )


  val ( CCD ) =  inf  x ∈ X   𝔽  𝜅  𝛾 ( x ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾


  ( CCD )


  (   𝛾 ‾ ,   𝜅 ‾ ,   𝜆 ‾ )


  ( CCD )


    x ∗ ∈ 𝒱


  ( CCP )


    x ∗


  (   CCP    x ∗ )


  (   CCD    x ∗ )


     (   CCP    x ∗ )         inf  ( H ∘ K ) ( x ) ∈ −   T +    [ ( f ∘ F ) ( x ) + g ( x ) − ⟨   x ∗ , x ⟩ ]   (   CCD    x ∗ )       sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  {  inf  x ∈ X  [   𝔽  𝜅  𝛾 ( x ) − ⟨   x ∗ , x ⟩ ] −   𝐫  ( 𝜅 , 𝜆 )  𝛾 } .


  (   CCD    x ∗ )


   sup     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  [ −    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ] .


  val (   CCP    x ∗ )


  val (   CCD    x ∗ )


    (CCP    x ∗ )


    (CCD    x ∗ )


    (CCP    x ∗ )


  val (   CCD    x ∗ ) ≤ val (   CCP    x ∗ )


    x ∗ ∈ 𝒱


  val ( CCD ) ≤ val ( CCP )


    x ∗ ∈ 𝒱


  𝛾 ∈ dom   f ∗


  𝜆 ∈   T + ∗


  𝜅 ∈ dom ( 𝜆 H  ) ∗


  x ∈ X


  ( H ∘ K ) ( x ) ∈ −   T +


  −    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≤ ( f ∘ F ) ( x ) + g ( x ) + 𝜆 ( H ∘ K ) ( x ) − ⟨   x ∗ , x ⟩ .


  𝜆 ∈   T + ∗


  ( H ∘ K ) ( x ) ∈ −   T +


  ⟨ 𝜆 H , K ( x ) ⟩ ≤ 0


     −    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) −   𝐫  ( 𝜅 , 𝜆 )  𝛾 ≤ ( f ∘ F ) ( x ) + g ( x ) − ⟨   x ∗ , x ⟩ ,


  val (   CCD    x ∗ ) ≤ val (   CCP    x ∗ )


  ( CCP )


  ( CCD )


  val ( CCP ) = val ( CCD )


  ( CCD )


  𝒱


  ( CCP )


  ( CCD )


  (   CCP    x ∗ )


  (   CCD    x ∗ )


    x ∗ ∈ 𝒱


    X ∗


  ( CCP )


  ( CCD )


  ( CCP )


  ( CCD )


  𝒱 = {  0    X ∗ }


  𝒱


  ( CCP )


  ( CCD )


  ( CCP )


  ( CCD )


  𝒱


  ( CCP )


  ( CCD )


  ∅ ≠ 𝒱 ⊂   X ∗


    x ∗ ∈ 𝒱


  (   CCP    x ∗ )


  (   𝐜  𝟏 )     𝒬


  𝒱 × ℝ


  (   𝐝  𝟏 )   𝒱


  ( CCP )


  ( CCD )


  (   𝐜  𝟏 ) ⇒ (   𝐝  𝟏 )


  (   𝐜  𝟏 )


  𝒱


  ( CCP )


  ( CCD )


    x ∗ ∈ 𝒱


  (   CCP    x ∗ )


  (   CCD    x ∗ )


  val (   CCP    x ∗ ) < + ∞


  val (   CCP    x ∗ ) = − ∞


  val (   CCD    x ∗ ) = val (   CCP    x ∗ ) = − ∞


  ( 𝛾 , 𝜆 , 𝜅 ) ∈ dom   f ∗ ×   T + ∗ × dom ( 𝜆 H  ) ∗


  (   CCD    x ∗ )


  𝛼 : = val (   CCP    x ∗ ) ∈ ℝ


  (   CCP    x ∗ )


  (   𝐩  𝛼 (   x ∗ ) )


  (   𝐜  𝟏 )


  (   𝐪  𝛼 (   x ∗ ) )


    𝛾 ‾ ∈ dom   f ∗


    𝜆 ‾ ∈   T + ∗


    𝜅 ‾ ∈ dom ( 𝜆 H  ) ∗


    𝔽    𝜅 ‾    𝛾 ‾ ( x ) −   𝐫  (   𝜅 ‾ ,   𝜆 ‾ )    𝛾 ‾ −  ⟨   x ∗ , x ⟩ ≥ 𝛼 = val (   CCP    x ∗ ) ,   ∀ x ∈ X ,


  val (   CCD    x ∗ )


  val (   CCD    x ∗ ) ≥  inf  x ∈ X  [   𝔽    𝜅 ‾    𝛾 ‾ ( x ) −  ⟨   x ∗ , x ⟩ ] −   𝐫  (   𝜅 ‾ ,   𝜆 ‾ )    𝛾 ‾ ≥ val (   CCP    x ∗ ) .


  val (   CCD    x ∗ ) =  inf  x ∈ X  [   𝔽    𝜅 ‾    𝛾 ‾ ( x ) −  ⟨   x ∗ , x ⟩ ] −   𝐫  (   𝜅 ‾ ,   𝜆 ‾ )    𝛾 ‾ = val (   CCP    x ∗ ) .


  val (   CCD    x ∗ ) = val (   CCP    x ∗ )


  (   𝛾 ‾ ,   𝜅 ‾ ,   𝜆 ‾ )


  (   CCD    x ∗ )


  (   𝐝  𝟏 )


  (   𝐝  𝟏 ) ⇒ (   𝐜  𝟏 )


  (   𝐝  𝟏 )


  𝒱


  ( CCP )


  ( CCD )


  𝒬 ⊂   𝒬 ¯


    𝒬 ¯ ∩ ( 𝒱 × ℝ ) ⊂ 𝒬 ∩ ( 𝒱 × ℝ )


  (   x ∗ , 𝛼 ) ∈   𝒬 ¯ ∩ ( 𝒱 × ℝ )


  (   𝐩  − 𝛼    x ∗ )


  − 𝛼 ≤ val (   CCP    x ∗ ) .


  𝒱


  ( CCP )


  ( CCD )


  (   𝛾 ‾ ,   𝜅 ‾ ,   𝜆 ‾ )


  (   CCD    x ∗ )


  val (   CCP    x ∗ ) = −    (   𝔽    𝜅 ‾    𝛾 ‾ ) ∗ (   x ∗ ) −   𝐫  (   𝜅 ‾ ,   𝜆 ‾ )    𝛾 ‾ .


  𝛼 ≥    (   𝔽    𝜅 ‾    𝛾 ‾ ) ∗ (   x ∗ ) +   𝐫  (   𝜅 ‾ ,   𝜆 ‾ )    𝛾 ‾


  (   x ∗ , 𝛼 ) ∈ 𝒬


  𝒬


  𝒱 × ℝ


  ( CCP )


  ( CCD )


    x ∗ ∈   X ∗


  (   CCP    x ∗ )


  (   𝐜  𝟐 )   𝒬


    w ∗


    X ∗ × ℝ


  (   𝐝  𝟐 )


  ( CCP )


  ( CCD )


  𝒱 =   X ∗


  ( CCP )


  ( CCD )


  ( CCP )


  (   𝐜  𝟑 )   𝒬


  {  0    X ∗ } × ℝ


  (   𝐝  𝟑 )


  ( CCP )


  ( CCD )


  𝒱 = {  0    X ∗ }


  (   C 0 )


  ( CCP )


  ( CCD )


  ( CCP )


  ( CCD )


  Q


  h : X →  ℝ ¯


   ( DCP )      inf   ( H ∘ K )  ( x ) ∈ −   T +  [  ( f ∘ F )  ( x ) + g  ( x ) − h  ( x ) ] .


  𝒬


    w ∗


    X ∗ × ℝ


     val ( DCP ) ​ = ​  inf    x ∗ ∈   X ∗  max     ( 𝛾 , 𝜆 ) ∈ dom   f ∗ ​ × ​   T + ∗ ,   𝜅 ∈ dom ( 𝜆 H  ) ∗ ​ ​  {  h ∗ (   x ∗ ) ​ − ​    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) ​ −   𝐫  ( 𝜅 , 𝜆 )  𝛾 } .


     val ( DCP )  =  inf  x ∈ X  [ ( f ∘ F ) ( x ) + g ( x ) +   i  −   T + ( H ∘ K ) ( x ) − h ( x ) ]    =  inf    x ∗ ∈   X ∗  {  h ∗ (   x ∗ ) −   𝒢 ∗ (   x ∗ ) }    =  inf    x ∗ ∈   X ∗  {  h ∗ (   x ∗ ) + val (   CCP    x ∗ ) } .


  𝒬


    w ∗


    X ∗ × ℝ


    x ∗ ∈   X ∗


  val (   CCP    x ∗ ) =  max     𝛾 ∈ dom   f ∗ ,   𝜆 ∈   T + ∗ ,   𝜅 ∈ dom ( 𝜆 H  ) ∗  { −    (   𝔽  𝜅  𝛾 ) ∗ (   x ∗ ) ​ −   𝐫  ( 𝜅 , 𝜆 )  𝛾 } .


  𝒱 =   X ∗


  C ⊂ X


    F  i : X →  ℝ ¯


  i = 1 , … , k


  h


  H


  K


     (DCMP)       inf  x ∈ C ,   ( H ∘ K ) ( x ) ∈ −   T +  {  max  i = 1 , … , k   F  i ( x ) − h ( x ) } .


   Δ  k   : = { 𝛾 = (   𝛾 1 , … ,   𝛾  k ) ∈  ℝ +  k :   ∑  i = 1  k    𝛾  i = 1 }


   ℛ 1   : =  ⋃     ( 𝛾 , 𝜆 ) ∈  Δ  k ×   T + ∗   𝜅 ∈ dom ( 𝜆 H  ) ∗  [ (  0    X ∗ , ( 𝜆 H  ) ∗ ( 𝜅 ) ) + epi    (   ∑  i = 1  k    𝛾  i   F  i +   i  C + 𝜅 K ) ∗ ] .


   ℛ 1


   ​ ∗


    X ∗ × ℝ


     val ( DCMP) ​ = ​  inf    x ∗ ∈   X ∗ ​ ​  {  max     ( 𝛾 , 𝜆 ) ∈  Δ  k ​ × ​   T + ∗ ,   𝜅 ∈ dom ( 𝜆 H  ) ∗ ​ ​  {  h ∗ (   x ∗ ) ​ − ​    (   ∑  i = 1  k    𝛾  i   F  i ​ + ​   i  C ​ + ​ 𝜅 K ) ∗ (   x ∗ ) ​ − ​ ( 𝜆 H  ) ∗ ( 𝜅 ) } } .


  Y =  ℝ  k


  g =   i  C


  f :  ℝ  k →  ℝ ¯


  f ( y ) = max {   y 1 ,   y 2 , … ,   y  k }


  y = (   y 1 ,   y 2 , … ,   y  k ) ∈  ℝ  k


  F : X →    ℝ  k ¯


  F ( x ) =  {     (   F 1 ( x ) ,   F 2 ( x ) , … ,   F  k ( x ) )  if  x ∈    ⋂  k  i = 1 dom   F  i    ∞   ℝ  k  otherwise .


  𝛾 ∈  ℝ  k


  𝛾 F ( x ) =   ∑  i = 1  k    𝛾  i   F  i ( x )


  x ∈ X


  f


    f ∗ :  ℝ  k →  ℝ ¯


    f ∗ =   i   Δ  k


  𝒬


   ℛ 1


  X =  ℝ  n


  Z = T =  ℝ  m


  C ⊂  ℝ  n


  H ( z ) = z


  z ∈ Z


  h ( x ) = 0


  x ∈ X


  m i n − m a x


  (    MMP)     inf  x ∈ C ,   K ( x ) ∈ −   T +  {  max  i = 1 , … , k   F  i ( x ) } .


   ℛ 2   : =  ⋃  ( 𝛾 , 𝜅 ) ∈  Δ  k ×   T + ∗ epi    (   ∑  i = 1  k    𝛾  i   F  i +   i  C + 𝜅 K ) ∗ .


   ℛ 2


   ​ ∗


    X ∗ × ℝ


     val ( MMP) =  max  ( 𝛾 , 𝜅 ) ∈  Δ  k ×   T + ∗  inf  x ∈ C  (   ∑  i = 1  k    𝛾  i   F  i ( x ) + ( 𝜅 K ) ( x ) ) .


  X =  ℝ  n


  Z = T =  ℝ  m


  C ⊂  ℝ  n


  H ( z ) = z


  z ∈ Z


  h ( x ) = 0


  x ∈ X


   ℝ 2


  X = Y = Z = T =  ℝ 2


    T + =  ℝ + 2


  F (   x 1 ,   x 2 ) =  (    2   x 1 −   x 2     x 1 + 3   x 2 )


  f (   y 1 ,   y 2 ) =  1 2 (   y 1 2 +   y 2 2 )


  g (   x 1 ,   x 2 ) =   𝛿  C (   x 1 ,   x 2 )


  C = { (   x 1 ,   x 2 ) ∈  ℝ 2 ∣   x 1 ≥ 0 . 5 ,   x 2 ≥ 0 }


  H (   z 1 ,   z 2 ) =  (      z 1 + 0 . 5   z 2 − 1   0 . 2   z 1 +   z 2 − 0 . 5 )


  K (   x 1 ,   x 2 ) =  (    |   x 1 |     x 2 2 )


     (CCP)    min  x ∈  ℝ 2     1 2  [ ( 2   x 1 −   x 2  ) 2 + (   x 1 + 3   x 2  ) 2 ]   subject to        |   x 1 | + 0 . 5   x 2 2 − 1   ≤ 0 ,   0 . 2  |   x 1 | +   x 2 2 − 0 . 5 ≤ 0 ,                                         x 1  ≥ 0 . 5 ,     x 2  ≥ 0 .


     h  (   x 1 ,   x 2 ) = 2 . 5   x 1 2 +   x 1   x 2 + 5   x 2 2


  ∇ h  (   x 1 ,   x 2 ) =  (    5   x 1 +   x 2     x 1 + 10   x 2 ) .


  0 . 625


  ( 0 . 5 , 0 )


    f ∗ (   𝛾 1 ,   𝛾 2 ) =  1 2 (   𝛾 1 2 +   𝛾 2 2 )


  dom    f ∗ =  ℝ 2


  𝜆 = (   𝜆 1 ,   𝜆 2 ) ∈  ℝ + 2


     ( 𝜆 H  ) ∗ (   𝜅 1 ,   𝜅 2 ) =  {      𝜆 1 + 0 . 5   𝜆 2  if    𝜅 1 =   𝜆 1 + 0 . 2   𝜆 2 ,     𝜅 2 = 0 . 5   𝜆 1 +   𝜆 2   + ∞  otherwise.


  x ∈ C


    x 1 ≥ 0 . 5 ,   x 2 ≥ 0


       𝔽  𝜅  𝛾 ( x ) = ( 2   𝛾 1 +   𝛾 2 +   𝜅 1 )   x 1 + ( −   𝛾 1 + 3   𝛾 2 )   x 2 +   𝜅 2   x 2 2


     (CCD)    max       𝛾 1 ,   𝛾 2 ∈ ℝ     𝜆 1 ,   𝜆 2 ≥ 0     {  inf       x 1 ≥ 0 . 5     x 2 ≥ 0  [ ( 2   𝛾 1 +   𝛾 2 +   𝜅 1 )   x 1 + ( −   𝛾 1 + 3   𝛾 2 )   x 2 +   𝜅 2   x 2 2 ]         −  1 2 (   𝛾 1 2 +   𝛾 2 2 ) − (   𝜆 1 + 0 . 5   𝜆 2 ) }   subject to      𝜅 1 =   𝜆 1 + 0 . 2   𝜆 2 ,     𝜅 2 = 0 . 5   𝜆 1 +   𝜆 2 .


      inf    x 1 ≥ 0 . 5 ( 2   𝛾 1 +   𝛾 2 +   𝜅 1 )   x 1 =  {      𝛾 1 + 0 . 5   𝛾 2 + 0 . 5   𝜅 1  if  2   𝛾 1 +   𝛾 2 +   𝜅 1 ≥ 0   − ∞  otherwise.


  2   𝛾 1 +   𝛾 2 +   𝜅 1 ≥ 0


    𝜅 1 =   𝜆 1 + 0 . 2   𝜆 2


    𝜅 2 = 0 . 5   𝜆 1 +   𝜆 2


     (CCD)    max       𝛾 1 ,   𝛾 2 ∈ ℝ     𝜆 1 ,   𝜆 2 ≥ 0     {  inf    x 2 ≥ 0  [ ( −   𝛾 1 + 3   𝛾 2 )   x 2 + ( 0 . 5   𝜆 1 +   𝜆 2 )   x 2 2 ]       + (   𝛾 1 + 0 . 5   𝛾 2 + 0 . 5   𝜆 1 + 0 . 1   𝜆 2 ) −  1 2 (   𝛾 1 2 +   𝛾 2 2 ) − (   𝜆 1 + 0 . 5   𝜆 2 ) }   subject to    2   𝛾 1 +   𝛾 2 +   𝜆 1 + 0 . 2   𝜆 2 ≥ 0 .


     𝛼  = −   𝛾 1 + 3   𝛾 2 ;       𝛽  = 0 . 5   𝜆 1 +   𝜆 2    ( 𝛽 ≥ 0  since    𝜆 1 ,   𝜆 2 ≥ 0 ) .


  Φ ( 𝛼 , 𝛽 ) =  inf    x 2 ≥ 0  [ 𝛼   x 2 + 𝛽   x 2 2 ]


  Φ ( 𝛼 , 𝛽 ) =  {    −     𝛼 2  4 𝛽  𝛽 > 0  and  𝛼 ≤ 0    ( minimum at    x 2 ∗ = −   𝛼  2 𝛽 ) ,   0  𝛽 > 0  and  𝛼 > 0    ( minimum at    x 2 ∗ = 0 ) ,   0  𝛽 = 0  and  𝛼 ≥ 0    ( minimum at    x 2 ∗ = 0 ) ,   − ∞  𝛽 = 0  and  𝛼 < 0    ( unbounded below ) .


  𝛽 = 0


  𝛼 ≥ 0


  𝛽 = 0


    𝜆 1 =   𝜆 2 = 0


  Ψ (   𝛾 1 ,   𝛾 2 ,   0 ,   0 ) = (   𝛾 1 + 0 . 5   𝛾 2 ) −  1 2 (   𝛾 1 2 +   𝛾 2 2 )


    𝛾 1


    𝛾 2


  0 . 625


    ( 𝛾 1 ,   𝛾 2 ) = ( 1 , 0 . 5 )


  𝛼 ≥ 0


  2   𝛾 1 +   𝛾 2 ≥ 0


  𝛽 > 0


  𝛼 ≤ 0


     Ψ (   𝛾 1 ,     𝛾 2 ,   𝜆 1 ,   𝜆 2 )  = −   ( −   𝛾 1 + 3   𝛾 2  ) 2  4 ( 0 . 5   𝜆 1 +   𝜆 2 ) +   𝛾 1 + 0 . 5   𝛾 2 −  1 2 (   𝛾 1 2 +   𝛾 2 2 ) − 0 . 5   𝜆 1 − 0 . 4   𝜆 2


  ∇ Ψ = 0


  𝛼 = 0


    𝛾 1 = 3   𝛾 2


  Ψ ( 3   𝛾 2 ,   𝛾 2 ,   𝜆 1 ,   𝜆 2 ) = 3 . 5   𝛾 2 − 5   𝛾 2 2 − 0 . 5   𝜆 1 − 0 . 4   𝜆 2 ≤ 0 . 6125 − 0 . 5   𝜆 1 − 0 . 4   𝜆 2 < 0 . 6125


  𝛽 > 0


    𝜆 1 ,   𝜆 2 > 0


  0 . 625


  val(CCP) = val(CCD) = 0 . 625 .


  K ( x ) = ( |   x 1 | ,   x 2 2 )


  K

