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Tém tit

Bai bao nay chirng minh dinh Iy Bessaga, duwoc xem nhu dang ddo cua nguyén ly anh
xa co Banach, trong mot [0p khong gian metric suy rong mdi la khong gian (qy, q2)-metric.
Muc dich chinh cia bdi bdo nay la thiét lgp cdc diéu kién d@é dam bdo su ton tai ciia mot
(q1, qz)-metric ddy dii trén mét tap X va mot danh xaT:X = X cho truoc. Cu thé, bai bdo
chuing minh két qua sau: Cho X la mot tdp khac rong bat ki, anh xa T: X — X, hai so thuc
41,92 thbaman q; = 1,q, = 1 va so thuc duong a théa aq,, aq, € (0,1). Khi do, neu T™ 6
duy nhat mét diem bat dong véi moin € N thi ton tai mot (qq, qz)-metric day dii d sao cho

d(Tx,Ty) < ad(x,y) véi moi x,y € X. Két qud nay cho thdy dinh Iy Bessaga van ding trong
cac khong gian metric suy rong nhw khong gian (qq, q»)-metric.
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Abstract

This paper proves Bessaga’s theorem known as a converse of the Banach contraction
principle, in a new class of generalized metric spaces known as (q,, qz)-metric spaces. This
paper is to establish conditions for the existence of a complete (q4,q;)-metric on a set X
associated with a given mapping T: X — X. Specifically, the paper establishes the following
result: Let X be a nonempty set, T: X — X be a mapping, two real numbers q1, q, satisfy q =
1, q; = 1 and a positive real number a such that aqq, aq, € (0,1). Under this assumption, if
for every natural number n, each iterate T™ admits a unique fixed point, then there exists a
complete (qq, qz)-metric d on X satisfying d(Tx,Ty) < ad(x,y) for all x,y € X. This result

demonstrates that Bessaga’s theorem remains valid in generalized metric spaces such as
(q1, g2)-metric spaces.
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1. Gidi thiéu

Dinh 1y diém bat dong Banach hay nguyén 1y anh xa co Banach (Banach, 1922), duoc
Stefan Banach cong bd vao nim 1922, duoc xem la mot trong nhirng két qua nén tang va cd
anh hudng siu sac nhat trong linh vyc giai tich phi tuyén va Iy thuyét diém bat dong. Dinh Iy
nay phat biéu rang: Cho (X, d) 1a mot khong gian metric day du, a 1 s6 thuc duong sao cho
a € (0,1) vadnhxaT:X — X thoaman d(Tx,Ty) < ad(x,y) véimoi x,y € X. Khido T c6
duy nhat dlem bat dong. Dinh 1y diém bat dong Banach c6 vo sb ung dung trong viéc giai
quyét sy ton tai va duy nhat ciia nghiém cho cac phuong trinh vi phan, phuong trinh tich phan,
va cac hé thong dong luc. Pén giita thé ky XX, Bessaga (1959) da dua ra mot dinh 1y dao cta
nguyén 1y anh xa co Banach: Cho X # @ 1a mét tap bat ki, anh xa T: X — X va sb thuc duong
a théa man a € (0,1). Khi d6, néu T™ ¢6 duy nhat mot diém bat dong vi moi n € N thi ton
tai mot metric day du d sao cho d(Tx, Ty) < ad(x,y) véimoi x,y € X.

Dinh 1y Bessaga khong chi 1am noi bat tim quan trong cia tinh day di ma con mo ra
huéng nghién ctru vé viée dac trung hoa tinh day du thong qua su ton tai cua diém bét dong.
Trong nd luc giai quyét cac van dé trong vat 1y 1y thuyét va khoa hoc may tinh ma & do6 bat
dang thirc tam giac tiéu chuan d(x, z) < d(x,y) + d(y, z) to ra qua khat khe, mot loat cac
khong gian metric suy rong da duoc gioi thi€u. Mot trong nhitng hudéng mé rong quan trong
nhét 14 khong gian b-metric (hodc khong gian metric loai Czerwik), dugc Czerwik gidi thidu
vao nim 1993 (Czerwik, 1993). Trong khong gian b-metric (X, d, 5), bt dang thic tam giac
duogc “néi 1ong” thanh d(x, z) < s[d(x,y) + d(y,z)] voihangsd s > 1. Ngoai ra, cac khong
gian metric suy rong khac nhu khong gian metric riéng (Matthews, 1994), khong gian G-metric
(Mustafa & Sims, 2006), khong gian S-metric (Sedghi & cs., 2012) hay khong gian Controlled
metric (Mlaiki & cs., 2018),... cling da thu hat su cht y dang ké. Mot cach ty nhién, cau hoi
vé viéc liéu dinh 1y Bessaga c6 con dung trong cac khong gian suy rong nay hay khong da
dugc dit ra. Cau hoi nay van con 1a mot van dé mé trén khong gian (g4, q,)-metric, chinh vi
vay, chiing t6i quyét dinh chon dé tai nay.

2. M{t s6 khai niém co ban
Muc nay trinh bay mdt s6 khai niém co ban dugc sir dung trong bai bao.

Pinh nghia 2.1. (Czerwik, 1993) Cho X 1a mét tap hop khac rdng va sé thuc s > 1. Anh xa
d:X XX = [0, +0) dugc goi 1a b-metric néu véi moi x,y,z € X

(b)) dxy)=0ox=y,
(bi)  d(x,y) =d(y,x),
(biii)  d(x,z) < s[d(x,y) +d(y,z)].

Khi d6 (X, d, s) dugc goi 1a khong gian b-metric voi tham s6 s. Bat dang thire (biii) con
duogc goi la bat dang thic s-tam giac.

Pinh nghia 2.2. Cho X 13 mot tip hop khac rdng va hai s6 thuc q1,92 saochoq; = 1,9, = 1.
Anhxad:X x X = [0, +00) duoc goi 14 (q4, q;)-metric néu véi moi x,y, z € X

(@) dxy)=0ex=y,
(qi) d(x,y) =d(y,x),
(qiii)  d(x,2) < q1d(x,y) + q.d(y, 2).

Khi d6 bd (X, d, q1, q) duoc goi 1a khong gian (q;, g2)-metric voi hai tham s6 q1, Q3.
Bét dang thirc (qiii) con dugc goi 1a bat dang thirc (g, g,)-tam giac.
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Nhén xét 2.3. Cho (X, d, 91, q) 1a khong gian (g4, g2)-metric. Khi d6 diéu kién (qiii) twong
duong voi diéu kién sau, véi moi x,y,z € X

(qiii”)  d(x,2) < q1d(y,2) + q2d(x, y).
That vay, d(x,z) = d(z,x) < q1d(z,y) + 42d(y, x) = q:d(y, 2) + q2d(x, y).
Nhin xét 2.4. Cho (X,d,qq,q;) 1a khong gian (qy,q,) -metric. Néu g1 =qz = q thi
(X,d,q1,q2) 1a khong gian b-metric (X,d,s) v6i s =gq. Hon nira, néu ta dat q" =
max{qy, q,} thi mdi khong gian (q;, q,)-metric déu 1a khong gian b-metric véi s = q*.
Céc khai niém co ban khac duoc dinh nghia twong ty nhu khong gian metric ¢6 dién.

Pinh nghia 2.5. Cho (X,d, g4, q,) 12 khong gian (q4, q,)-metric, {x,,} 14 mot diy sb trong X
va x € X. Khi do ta c6 cac dinh nghia sau:
1. Dy {x,} duoc goi 1a hoi tu vé& x néu day {d(x,, x)} hoi tu vé 0. Khi d6 ta viét
lim x, = x.
n—-oo 1
2.  Day {x,} duoc goi 1a day Cauchy néu véi moi € > 0, ton tai n, € N sao cho voi
moin = ngy va véi moi p € N thi d(xn+p,xn) <e.
3. Khong gian (X, d, g1, q2) 14 khong gian (q4, q;)-metric day da néu moi day
Cauchy trong X déu hoi tu. Khi d6 anh xa d dugc goi 1a (g, g,)-metric day du.

Nhén xét 2.6. Cho (X, d, q;, q2) 1a khong gian (q,, g;)-metric va {x,} 1a mt day trong X.

a)  Néuddy {x,} hoi tu dén x € X thi gi6i han d6 1a duy nhat.

b)  Neéu day {x,} hdi tu thi no la day Cauchy.

¢)  Néu diy {x,,} hoi tu d&én x thi ddy con {xkn} cua day {x,} ciing hoi tu vé x.

d)  Cho {x,} la ddy Cauchy, khi d6 néu dy con {x, } cia day {x,} hoi tu vé x thi ddy
{x,,} ciing hoi tu v& x, véi x € X.

Chitng minh.

> 0, ton

a) Gia sir {x,} hoi tu dén x € X va y € X, khi d6 v6i moi € > 0, suy ra

4114z
tai n, € N sao cho v6i moi n = n, thi d(x,, x) < ﬁ Ma {x,} hoituvéy € X
1 2

nén ton tai n, € N sao cho véi moi n = n, thid(x,,y) < P . Khi d6, v6i moi
1 2

n =>ny = max{n,;,n,}thi 0 < d(x,y) < q1d(x, x,) + q2d(x,, y) < % =g,
1 2

dodod(x,y) =0 x =y.
b) Gia sir {x,,} hoi tu dén x € X, khi d6 voi moi € > 0, suy ra

> 0, ton tai ng € N

q1tq2

sao cho v&i moi n = ng thi d(x,, x) < Hon nita, véimoip E Nthin+p =n
2

q1
A r,e 1 . ’ & N X ,o .
nén véin = ny thin + p = ngy, khi do6 d(xn+p,x) < ——. Tu day suy ra voi moi

n = ng thi d(xn+p,xn) < qld(xnﬂ,,x) + q,d(x, xn) < % €. Do do, {x,}
2

la day Cauchy. ) ’
¢) Giasu {x,}hoitudeénx € X va {x; }la day con bat ki cua day {x,}. Vi {x,} hoi tu

> 0, ton tai n; € N sao cho v6i moin >

dén x € X nén véi moi € > 0, suy ra ———
1 2

ny thi d(x,,

. . 3 & . , . .
N sao cho voi moi n = n, thi d(xn,xkn) < o Khi 6, véimoin = ny =
1 2
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max{ny, n,} thi d(xk %) < qrd (X, %n) + q2d(n, %) < (q1+QZ)5

= &. Nhu vy,
day {x;, } hoi tu vé x € X.

d) That vay, gia st {xkn} la day con cua day {x,} sao cho {xkn} hoi tu vé x € X. Khi

do6, voi moi € > 0, suy ra > 0, ton tai n; € N sao cho véi moin = ny thi
2

q1

d(xkn, x) < ﬁ. Mit khac, {x,,} 1a ddy Cauchy nén ton tai n, € N sao cho véi
1 2

moin = n, thi d(xn, xkn) < . Khi d6, véi moi n = ny = max{n,,n,} thi

+q2
d(xp,x) < qld(xn,xkn) + qzd(xkn x) <
véx €X.

(91+4q2)€

= &. Nhu vay, day {x,,} hoi tu
q1t4qz

DPinh nghia 2.7. Cho (X,d, q1,92) , (X', d’,q1,q2") 1a hai khong gian (q1, 92)-metric. Anh xa
f:X - X' duogc goi la lién tuc theo (g4, g2)-metric tai x € X néu moi day {xn} c X hoituvé x
thi day {f (x,)} hoi tu vé f(x). Anh xa f dugc goi 1a lién tyc trén A c X néu noé lién tyc tai
moi x € A.

Sau ddy chung toi s& trinh bay mot vai vi du vé khong gian (g, g,)-metric ciing nhu
chi ra rang néu d 1a mot (q4, g )-metric thi d khong nhat thiét phai 1a anh xa lién tuc.

Vidu 2.8. Cho X ={0,1,2} vaanh xad: X X X — [0, +0) xac dinh nhu sau
dx,y) =0 x=yvéimoi x,y €X,
d(0,1) = d(1,0) =1,
d(0,2) = d(2,0) = 2,

d(1,2) = d(2,1) = ;

Khi do, d 1a mot (1, g)-metric. That vay, d& dang kiém tra dugc d thoa mén (qi), (qii).

Ta chi can kiém tra (qiii), ta c6

32 3
d(O 1) =1<2+ E § = d(O,Z) +Ed(2,1),
2 3 3
d0) =1<z+-.2=d@21) +5d(02),
d(02)=2<1+ EE=d(01)+§d(12)
23 ’ 2 7
3

2 3
d(0,2) =2<7+.1=d(12) +5d(OD),

N

2 3 3
d(1,2) ==<1+=.2=d(1,0)+=d(0,2),
3 2 2
d(12)—2<2 3 —d(02)+3d(10)
O T 277 2

e i A 1A A A 3 .
Do @6, véi cac lap luan trén suy ra d la mét (1, 5)—metr1c.

Vi du 2.9. (Doan, 2021) Cho X = A, ={0,1,2,..,n} v6i n €N ¢ dinh va anh xa
d:X X X - [0,+00) x4c dinh bsi d(x,y) = (x —y)? véi moi x,y € X. Khi d6, d 1a mot
(1,2n — 1)-metric. That vay, d¢ dang kiém tra dugc d théa man (qi), (qii). Ta chi can kiém tra



Tap chi Khoa hoc Pai hoc Pong Thép, Online First (2026): 1-11

(qiii), voi moi x,y,z € X, ddta=x—z€{-—n,—n+1,..,0,1,...,n—1,n}suyrax =a +
z, khi d6 ta xét

dix,y) + Cn—1Dd(y,z) —d(x,z) =(a+z—y)*+ 2n—1)(y — 2)?> — a?
=a’+2a(z-y)+(2n—-1+1)(z—y)? —a?

=2a(z—y) +2n(z - y)* =2(z - y)la+n(z—y)] #)

Ta xét 3 truong hop.
Truong hop 1: z = y.
Khi d6 tir (#) suy ra d(x,y) + (2n — 1)d(y,z) —d(x,z) = O suy ra
d(x,z) <d(x,y) + 2n—1)d(y, 2).

Truong hop2: z>ysuyraz—y >0hayz—y > 1.
Khidotacoa+n(z—y) = a+n = 0néntr (#)suyra

dx,y)+ (2n—-1d(y,z) —d(x,z) 20 & d(x,z) <d(x,y) + 2n — 1)d(y, 2).
Truonghop3:z<ysuyraz—y <Ohayz—y < —1.
Khidotacoa+n(z—y) <a—n < 0néntu(#) suyra

dx,y)+ (2n—-1)d(y,z) —d(x,z) 20 o d(x,z) <d(x,y) + 2n—1)d(y, 2).
Nhu vay, d(x,z) < d(x,y) + 2n — 1)d(y,z) véi moi x,y,z € X.

Vi du 2.10. (Sengupta & Zhukovskiy, 2019) Cho X = R, s6 thuc g > 1, a(x, y) 1a mot metric
trén X va anh xa d: X X X — [0, +0) xac dinh nhu sau
a(x,y), x-y€Q
d(x, ={
N =gatx,y),  x-yea

Khi do, d 12 mét (g, q)-metric hay noéi cach khac d 1a mét b-metric vois = q vad
khong lién tuc. That vay, tir dinh nghia ta c6 théqdé dang kiém tra duoc d théa man (qi), (qii)
vavoimoix,y € X thi a(x,y) < d(x,y). Ta kiém tra (qiii),
Voimoix,y, z € X,
Néux—z€Qthid(x,2) = alx,z) < alx,y) +a(y,z) < qld(x,y) + d(y, 2)].
Néux —z € Q thi d(x,2) = qa(x, 2) < qa(x,y) + a(y,2)] < q[d(x,y) + d(y,2)].
Do d6, d 1a mot (g, q)-metric. Ta kiém tra tinh lién tuc cua d, cho diy {x,,} € X xé4c dinh boi
Xy, = %, véi n € N. Ta ¢6 lim x,, = 0 nhung lim d(x,,1) = qa(0,1) > a(0,1) = d(1,0)

n—oo n—-oo
nén d khong lién tuc.
Vi du 2.11. (Lu & cs., 2019) Cho X = [0, +00), s6 thuc q¢ > 1, p(x,y) 1a mot metric thong
thuong trén X va anh xa d: X X X = [0, +00) dugc xac dinh nhu sau
a(x,y), xy #0
d(x, ={
) qa(x,y), xy =0.

Khi d6 d 1a mét (g, q)-metric va d khong lién tuc. That vay, ro rang d thdéa man (qi),
(qii) va a(x,y) < d(x,y) véi moi x,y € X. Ta kiém tra (qiii), 1ay x, y, z € X bat ki, ta xét 2
truong hop:
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Truong hop 1: xz # Osuyrax #0vay # 0.
la. Néu y = 0 thi

d(x,z) = a(x,z) < a(x,y) + a(y,z) = %[d(x,y) +d(y,2)] <qld(x,y) +d(y, 2)].
Ib. Néu y # 0 thi
d(x,z) = a(x,z) < a(x,y) + a(y,z) = d(x,y) + d(y,2) < qld(x,y) + d(y,2)].
Truong hop 2: xz = 0, khong giam téng quét ta gia s x = 0.

2a.Néuy = 0 thi x = y nén

, d(x,2) < 0+ qd(y,z) = q[d(x,y) + d(y,2)].
2b. Néuy # 0 thi

d(x,z) = qa(x,z) < qla(x,y) + a(y,2)] <d(x,y) + qd(y,z) < qld(x,y) + d(y, 2)].
Do d6 d 1a mot (g, q)-metric. Hon niia, cho {x,} xac dinh bdi x,, = %Vc’yi n € N. Khi

do, lim X, =0 nhung lim d(x,,1) = a(0,1) < qa(0,1) = d(0,1) nén d khong lién tuc.

Tt nhiing vi du trén ta c6 the thay dugc rang mot (g, g,)-metric d khong nhét thiét
phai 1 anh xa lién tuc nhu metric c6 dién. Tuy nhién, diéu nay khong anh hudong dén két qua
cua dinh ly Bessaga dugc trinh bay ¢ muc sau.

3. Két qua chinh

Pinh ly 3.1. (Nguyén ly anh xa co Banach cho (q4, q;)-metric) Cho khong gian (q4, q5)-
metric day du (X, d, q;,q,), s6 thuc & € [0,1) sao cho @qy, aq, € [0,1) va anh xa T: X — X
thoa man d(Tx, Ty) < ad(x,y) véi moi x,y € X. Khi d6 T ¢6 duy nhit diém bat dong z va
day {T™(x)} hoi tu vé z theo (g, q,)-metric d v&i moi x € X.

Chirng minh

T 1a anh xa lién tuc. That vy, voi moi x € X, cho day {x,,} bat ki hoi tu vé x. Khi do,
v&di moi € > 0, suy raﬁ > 0, ton tai ng € N sao cho véi moi n > ng thi d(x,, x) < ﬁ. Ta

c6 d(Tx,, Tx) < ad(xp,x) < ﬁe < & véi moi n = ny, suy ra diy {Tx,} hoi tu vé Tx.
Theo Dinh nghia 2.7 suy ra T lién tuc trén X.
Véimoin € N taco
d(T™x, T""1x) < ad(T" 1x,T"x) < -+ < a™d(x,Tx),Vx € X.
Dit s = max{qy, q,} = 1, ta xét bat dang thirc

d(Tx, TP*1x) < [as + (as)? + -+ + (as)P]d(x, Tx) *)
Ta ¢6 (*) dang voip = 1 vi d(Tx, T?x) < ad(x, Tx).
Gid st (*) ding voip = k = 1,k € N. Khi do
d(Tx, T**2x) < ad(x, T**'x) < as[d(x, Tx) + d(Tx, T**1x)]

< asd(x,Tx) + as[as + (as)? + -+ (as)*]d(x, Tx)
= [as + (as)? + - + (as)**1]d(x, Tx).

Suy ra (*) dung voi p = k + 1. Theo nguyén 1y quy nap (*) dung véi moi p € N.
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Lai xét bat dang thuc
d(T™x, T"*Px) < (sa™ + s?2a™?! + -+ + sPa™P~1)d(x, Tx) #)

vOoimoi x € Xvavoimoip € N.
T (*) suy ra (#) dang véin = 1. Gia st (#) dung voin =1 > 1,1 € N, khi do
d(THx, THP*x) < ad(T'x, THPx)

< a(sa' + s2al* + -+ sPat*P~1)d(x, Tx)

= (sa*! + s2al*? 4+ - + sPal*P)d(x, Tx).
Suy ra (#) dung voin = [ + 1. Theo nguyén li quy nap thi (#) ding véi moin € N,
Khi d6 voimoin € N,p € Ntaco

0 <d(T™x, T"*Px)
< (sa™ + s?2a™! + .- + sPa™ PN d(x, Tx)
=a" (as + (as)? + - + (as)P)d(x, Tx)

a (as + (as)? + -+ (as)P + ---)d(x, Tx)
as
=q"t d(x,Tx) > 0khin — oo,
1—as
Tir 6 suy ra {T™x} la ddy Cauchy trong khong gian (q;, q,)-metric day di. Do d6 ton
tai z € X sao cho {T™x} hoitu vé z. Turtinh lién tuc cua T suy ta Tz = z.

Ta kiém tra tinh duy nhét ctia z. Gia sir ton tai z* théa Tz* = z*, khi d6
d(z,z*) =d(Tz,Tz") < ad(z,z") suyrad(z,z*) = 0 hay z = z".
B6 dé 3.2. Cho X 1a tép khac rong bat ki va anh xa T: X — X, hai s6 thuc g4, g, sao cho q; =
1,9, = 1 va so0 thuc duong a thdéa aqq, aq, € (0,1). Khi do, cdc ménh dé sau la tuong duong:
(i)  Ton tai mot (g4, q,)-metric day du d trong X thoa d(Tx, Ty) < ad(x,y) véi moi
x,y €X.
(i1) T?)n tai mot ham @: X — [0, +00) sao cho @~ 1({0}) 1a tdp mot phan tir va bat
dang thitc ¢(Tx) < a@(x) thoa man vdi moi x € X.
Chitng minh
(i) = (ii) Theo nguyén ly 4nh xa co Banach cho (g, q,)-metric thi T c6 diém bat dong z. Dat
@(x) == d(x,z), tir 46 suy ra (ii). That vay, véi moi x € X ma ¢(x) = 0 thi d(x,z) = 0 hay
x = z, suy ra ¢ 1({0}) = {z} hay ¢~1({0}) 1a tdp mot phan tir. Hon nita, ta c6 @(Tx) =
d(Tx,z) =d(Tx,Tz) < ad(x,z) = ap(x) véi moi x € X.
(ii) = (i) Pinh nghia d nhu sau:

d(x,y) = {max{(p(x) , oM}, néux #y
0 ,néux =y.

Khi d6 d la mdt (g4, qz)-metric véi moi x,y € X. That vay, dé dang kiém tra dugc d
thoa man (qi), (qii). Ta chi can kiém tra (qiii). Véimoi x,y,z € X,

Néu x,y, z khac nhau ting d6i mot thi
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d(x,z) = max{p(x),¢(2)} < ¢(x) + ¢(2)
< max{¢(x), 9(y)} + max{e(y), p(2)}
=d(x,y) +dy,z) < q:d(x,y) + q2d(y, 2).
Nhiing truong hop khac dé dang kiém tra dugc
d(x,z) < q1d(x,y) +q,d(y,2),Vx,y,z € X.
Hon ntta, d(Tx, Ty) < ad(x,y) véi moi x,y € X. That vay, vdi moi x,y € X
Néu Tx # Ty thi x # y, khi d6

d(Tx,Ty) = max{e(Tx), p(Ty)} < max{ap(x), ap(y)} = ad(x, y).
Néu Tx = Ty thi d(Tx,Ty) = 0 < ad(x,y).

Tiép theo cho {x,} 1a mot day Cauchy, gia sir X, chi nhan hiru han cac gia tri A =
aq,ay, ..., ay voi h € N, Khi do, ton tai it nhit mot phin tir b € A sao cho c6 v han phan tir
ctia ddy x,, nhan gia tri nay. Do d6 ton tai mot day con {xi,, } cua day x, la day hing va Xk, =
b v6i moin € N. Truong hop néu {xn} c6 vo han phan tir phan biét, khi d6 ton tai ddy con
{xi,,} cia ddy {x,} bao gobm cic phan tir phan bi¢t khac z. Do {x, } la ddy Cauchy nén v&i moi
£ > 0, ton tai ny € N sao cho v4i moi n > n, thi d(xn, xn+p) < ¢&,p € N. Khi d6 véi moi
k, > n > n, thi max {qo(xkn), ) (xkn+p )} =d (xkn,xkn+p) <e, suy ra p(x;, ) < e. Gia
sit @~ 1({0}) = {z} hay ¢(2) =0, xét d(xy,,z) = max{(p(afkn),(p(z)} = @(xx,) < & voi
moin = ny, do do day {x;_} hoi tu v€ z suy ra {x,,} hoi tu v€ z. Do do6 d la (q4, g,)-metric
day du trén X.
binh ly 3.3. Cho X 14 mét tap khac rong bat ki, 4nh xa T: X = X, hai sé thuc g4, g, théa man
q1=21,q,=21va s6 thuc duong a thoa aqq, aq; € (0,1). Khi do, néu T™ c6 duy nhat mot
diém bat dong véi moi n € N thi ton tai mot (qy, q,)-metric ddy du d sao cho d(Tx, Ty) <
ad(x,y) voimoi x,y € X.

Chitng minh

Pé ching minh dinh 1y nay, chung toi sir dung B6 dé 3.2. Pé tim 4nh xa ¢ trong muc
(i) ciia B6 dé 3.2, dau tién, xdy dung mt tap hop P gdm tat ca cac anh xa xéc dinh trén cac
tap con cua X c¢6 cac tinh chat nhu ¢ trong muc (ii) cua B6 d& 3. 2. Tiép theo, sir dung bd dé
Zorn, chung t6i chi ra tap P ¢6 phan tir toi dai o, hon nira tap ngudn ciia @, chinh 1a X. Cubi
cling, phan tir tdi dai @, chinh 14 4nh xa ¢ can tim. Chi tiét s& dugc trinh bay dudi day.

Gia st z = Tz, khi d6 z = T™z, véi moi n € N hay z 1a diém bat dong duy nhat ciia T™
v6imoin € N. Bat s = max{q,,q,} =1 va

® = {¢: D, ~ [0, +00)|{z} € D, € X, 07 ({0}) = {2},
T(D(p) € D, vap(Tx) < ap(x),Vx € D, }.

Khi d6 ® # @ vinéu ta dit Dy, = {z} va ¢.(z) = 0 thi ¢, € ®. Tatrang bi cho ® mt

quan h¢ tht tu nhu sau:
1= ¢z © Dy, €Dy, va@zlp, = ¢1.

Néu ®, 1a mét tap con sip thir tu toan phan trong (@, <), thi ta dit D = Ugea, Dy thi
ta ¢6 T(D) =T(Upew,Dyp) = Upea, T(Dy) € Upea, Dy =D va ta xac dinh y:D -
[0, +0) béi P(x) := ¢(x) néu x € Dy, ¢ € Py. Khi d6, ta c6 {z} €D € Xvayp~1({0}) =
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{z} ViY(2) = (2) = 0 (z € Dy, p € Dy) nén {z} c P~ ({0}). Lay x € p~*({0}) c D bét
ki suy ra ton tai ¢ € @, sao cho P (x) = @(x) = 0, suy ra x =z, Vi vy Y 1o} c {z})va
Y(Tx) < ap(x),Yx € D (vi voéi moi x € D = Ugyea, Dy, tOn tai ¢ € @ sao cho x € Dy, va
Y(Tx) = p(Tx) < ap(x) = ap(x) ). Do d6 Y € ®. Hon nlra, vdi moi ¢ € @, thi ta co
D, € D vay| p, = nén ¢ < Y va do d6 Y la mdt chan trén cia @,. Theo bd d€ Zorn, ton
tai phan twr toi dai ¢: Dy — [0, +0) trong (P, <).

Bay gio ta can chi ra Dy = X, ta ching minh bang phan chtng, gia sir ton tai
xo € X\ Dy. Dt 0(x) = {T™ 1 (x¢):n € N} suy ra T(0(x,)) € 0(xy).

Gid st 0(xp) N Dy = @, didt Dy, := 0(xp) U Dy. Xét anh xa ¢: Dy, — [0, +00) xac dinh
bdi @lp, = @o va @(T™" x,) = a™ %, vn € N. Khi do, ta duoc {z} €D, S X,T(D,) =
T(0(xo) U D) = T(0(x)) UT(Dy) €Dy . 97 ({0]) = 95 (0)) = {2} v& o(T2) <
ap(x) véi moi x € Dy,. (Vi p(Tx) = ¢o(Tx) < apo(x) = ap(x) néu x € Dy va ¢(Tx) =
P(T(T"x0)) = p(T"xp) = a.a™ ' = ap(F™" 'x,) = ap(x) néu x € 0(x,) ).

Do d6 ¢ € @, ma theo dinh nghia ctia ¢ thi ¢y < @ va @ # @,. Mat khéc, vi ¢ 1a
phan tir t5i dai nén tir o, < @ suy ra @ = @, (mau thuin). Vay 0(x,) N D, # @, khi d6, goi
m = min{n € N: T"x, € Dy}. Suy ra T™ x, & Dy, dat D, := {T™ 'x,} U Dy thi T(D,) =
T{T™ %0} U Do) = T({T™ *x0}) U T(Dy) = {T™x0} U T(Do) = T(Dy) < Do.

Xét anh xa ¢: D, - [0, +00) dugc xac dinh nhu sau:

@lp, = @, @(T" 1x) =1 néu T™x, = z va @(T™ 1xp) = @o(T™x,)/a néu TMx, #
z . Khi d6 {z}SD, SX,0 '({0}) ={z} (do @(x)#0 v6i moi x €D\ {z} va
@(T™ " xq) # 0) va (Tx) < ag(x) (vi p(Tx) = @o(Tx) < agy(x) = ap(x) Vx € Dy,
P(T(T™ x0)) = @(T™xp) = 9(2) = 0 < a = ap(T™ 1x,) néu T™x, = z v
(P(T(Tm_lxo)) = @(T™x0) = 9o(T™x,) = ap(T™ 1x,) néu T™x, # z).

Vi viy ¢ € D, # @y va 9o < @. Mit khac, vi ¢, 14 phan tir t6i dai nén tir @y < @

suy ra @ = @q (mau thuin). Do d6 D, = X, nhu vy ta c6 dugc @y: X = [0, +00) thoa min

@5 ({0}) = {z} hay g 1({0}) 1a tap mot phan tir va ¢ (Tx) < ap,(x) v6i moi x € X. Ap
dung B dé 3.2 suy ra diéu phai chirng minh.

4. Két luan

Trong bai bao nay ching t6i da chung minh dugc dinh ly ddo Bessaga cho khong gian
(q1, qz)-metric. Két qua chinh cua bai bao phat biéu rang: Cho X 1a mét tap khac rdng bat ki,
anh xa T:X — X, hai s6 thuc q;,q, thoa min q; = 1,q, = 1 va s6 thuc duong a thoa
aqq,aq, € (0,1). Khi d6, néu T™ c6 duy nhit mot diém bat dong voi moi n € N thi ton tai
mdt (g4, q,)-metric diy du d sao cho d(Tx, Ty) < ad(x,y) v6i moi x,y € X. T nhitng két
qué dat dugc, bai bao mé ra mot sé huéng nghién ciru tiém nang trong tuong lai. Cu thé, ching
t61 huéng dén viéc mo rong dinh 1y dao Bessaga cho cac 10p anh xa co véi diéu kién co khac.
Bén canh do, viéc di sdu vao nghién ctru cac dic trung topo ciia cdu trac khong gian (g, q,)-
metric hita hen s€ mang lai nhitng goc nhin méi mé va thu vi.
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  a + n  ( z − y ) ≥ a + n ≥ 0


  d  ( x , y ) +  ( 2 n − 1 ) d  ( y , z ) − d  ( x , z ) ≥ 0 ⇔ d  ( x , z ) ≤ d  ( x , y ) +  ( 2 n − 1 ) d  ( y , z ) .


  z < y


  z − y < 0


  z − y ≤ − 1 .


  a + n  ( z − y ) ≤ a − n ≤ 0


  d  ( x , y ) +  ( 2 n − 1 ) d  ( y , z ) − d  ( x , z ) ≥ 0 ⇔ d  ( x , z ) ≤ d  ( x , y ) +  ( 2 n − 1 ) d  ( y , z ) .


  d  ( x , z ) ≤ d  ( x , y ) +  ( 2 n − 1 ) d  ( y , z )


  x , y , z ∈ X .


  X = ℝ


  q > 1 ,


  a ( x , y )


  X


  d : X × X → [ 0 , + ∞ )


  d  ( x , y ) =  {    a ( x , y ) ,      x − y ∈ ℚ   q a ( x , y ) ,      x − y ∉ ℚ .


  d


  ( q , q )


  d


  s = q


  d


  d


  x , y ∈ X


  a ( x , y ) ≤ d ( x , y )


  x , y , z ∈ X ,


  x − z ∈ ℚ


  d  ( x , z ) = a  ( x , z ) ≤ a  ( x , y ) + a  ( y , z ) < q  [ d  ( x , y ) + d  ( y , z ) ] .


  x − z ∉ ℚ


  d  ( x , z ) = q a  ( x , z ) ≤ q  [ a  ( x , y ) + a  ( y , z ) ] ≤ q  [ d  ( x , y ) + d  ( y , z ) ] .


  d


  ( q , q )


  d


   {   x  n } ⊂ X


    x  n =   𝜋  n


    n ∈ ℕ


     lim  n → ∞ ⁡    x  n = 0


     lim  n → ∞ ⁡  d  (   x  n , 1 ) = q a ( 0 , 1 ) > a  ( 0 , 1 ) = d ( 1 , 0 )


  d


  X = [ 0 , + ∞ )


  q > 1


  p ( x , y )


  X


  d : X × X → [ 0 , + ∞ )


  d  ( x , y ) =  {    a ( x , y ) ,      x y ≠ 0   q a ( x , y ) ,      x y = 0 .


  d


  ( q , q )


  d


  d


  a  ( x , y ) ≤ d ( x , y )


  x , y ∈ X


  x , y , z ∈ X


  x z ≠ 0


  x ≠ 0


  y ≠ 0 .


  y = 0


  d  ( x , z ) = a  ( x , z ) ≤ a  ( x , y ) + a  ( y , z ) =  1  q  [ d  ( x , y ) + d  ( y , z ) ] < q  [ d  ( x , y ) + d  ( y , z ) ] .


  y ≠ 0


  d  ( x , z ) = a  ( x , z ) ≤ a  ( x , y ) + a  ( y , z ) = d  ( x , y ) + d  ( y , z ) < q  [ d  ( x , y ) + d  ( y , z ) ] .


  x z = 0


  x = 0 .


  y = 0


  x = y


  d  ( x , z ) ≤ 0 + q d  ( y , z ) = q [ d  ( x , y ) + d  ( y , z ) ] .


  y ≠ 0


  d  ( x , z ) = q a ( x , z ) ≤ q  [ a  ( x , y ) + a  ( y , z ) ] ≤ d  ( x , y ) + q d  ( y , z ) < q  [ d  ( x , y ) + d  ( y , z ) ]


  d


  ( q , q )


    { x  n }


    x  n =  1  n


  n ∈ ℕ


     lim  n → ∞ ⁡    x  n = 0


     lim  n → ∞ ⁡  d  (   x  n , 1 ) = a ( 0 , 1 ) < q a ( 0 , 1 ) = d ( 0 , 1 )


  d


  (   q 1 ,   q 2 )


  d


    ( 𝒒  𝟏 ,   𝒒  𝟐 )


    ( q 1 ,   q 2 )


  ( X , d ,   q 1 ,   q 2 )


  𝛼 ∈  [ 0 , 1 )


  𝛼   q 1 , 𝛼   q 2 ∈ [ 0 , 1 )


  T : X → X


  d  ( T x , T y ) ≤ 𝛼 d  ( x , y )


  x , y ∈ X


  T


  z


    { T  n ( x ) }


  z


    ( q 1 ,   q 2 )


  d


  x ∈ X .


  T


  x ∈ X


  {   x  n }


  x


  𝜀 > 0


    𝜀  𝛼 + 1 > 0


    n 0 ∈ ℕ


  n ≥   n 0


  d  (   x  n , x ) <   𝜀  𝛼 + 1


  d  ( T   x  n , T x ) ≤ 𝛼 d  (   x  n , x ) <   𝛼  𝛼 + 1 𝜀 < 𝜀


  n ≥   n 0


  { T   x  n }


  T x


  T


  X .


  n ∈ ℕ


  d  (   T  n x ,   T  n + 1 x ) ≤ 𝛼 d  (   T  n − 1 x ,   T  n x ) ≤ … ≤   𝛼  n d  ( x , T x ) ,   ∀ x ∈ X .


  s = max ⁡ {   q 1 ,   q 2 } ≥ 1


  d ( T x ,   T  p + 1 x ) ≤  [ 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  p ] d ( x , T x )


  p = 1


  d  ( T x ,   T 2 x ) ≤ 𝛼 d ( x , T x )


  p = k ≥ 1 ,   k ∈ ℕ


  d  ( T x ,   T  k + 2 x ) ≤ 𝛼 d  ( x ,   T  k + 1 x ) ≤ 𝛼 s  [ d  ( x , T x ) + d  ( T x ,   T  k + 1 x ) ]


  ≤ 𝛼 s d  ( x , T x ) + 𝛼 s  [ 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  k ] d  ( x , T x )


  p = k + 1


  p ∈ ℕ


  d  (   T  n x ,   T  n + p x ) ≤  ( s   𝛼  n +   s 2   𝛼  n + 1 + … +   s  p   𝛼  n + p − 1 ) d  ( x , T x )


  x ∈ X


  p ∈ ℕ


  ( # )


  n = 1


  n = l ≥ 1 ,   l ∈ ℕ


  d  (   T  l + 1 x ,   T  l + p + 1 x ) ≤ 𝛼 d  (   T  l x ,   T  l + p x )


  ≤ 𝛼  ( s   𝛼  l +   s 2   𝛼  l + 1 + … +   s  p   𝛼  l + p − 1 ) d  ( x , T x )


  ≤ 𝛼  ( s   𝛼  l +   s 2   𝛼  l + 1 + … +   s  p   𝛼  l + p − 1 ) d  ( x , T x )


  =  ( s   𝛼  l + 1 +   s 2   𝛼  l + 2 + … +   s  p   𝛼  l + p ) d  ( x , T x ) .


  =  ( s   𝛼  l + 1 +   s 2   𝛼  l + 2 + … +   s  p   𝛼  l + p ) d  ( x , T x ) .


  n = l + 1


  n ∈ ℕ


  n ∈ ℕ , p ∈ ℕ


  0 ≤ d  (   T  n x ,   T  n + p x )


  ≤  ( s   𝛼  n +   s 2   𝛼  n + 1 + … +   s  p   𝛼  n + p − 1 ) d  ( x , T x )


  ≤  ( s   𝛼  n +   s 2   𝛼  n + 1 + … +   s  p   𝛼  n + p − 1 ) d  ( x , T x )


  =   𝛼  n − 1  ( 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  p ) d  ( x , T x )


  =   𝛼  n − 1  ( 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  p ) d  ( x , T x )


  ≤   𝛼  n − 1  ( 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  p + … ) d  ( x , T x )


  ≤   𝛼  n − 1  ( 𝛼 s +    ( 𝛼 s ) 2 + … +    ( 𝛼 s )  p + … ) d  ( x , T x )


  =   𝛼  n − 1   𝛼 s  1 − 𝛼 s d  ( x , T x ) → 0   khi   n → ∞ .


  =   𝛼  n − 1   𝛼 s  1 − 𝛼 s d  ( x , T x ) → 0   khi   n → ∞ .


  {   T  n x }


  (   q 1 ,   q 2 )


  z ∈ X


  {   T  n x }


  z


  T


  T z = z .


  z


    z ∗


  T   z ∗ =   z ∗


  d  ( z ,   z ∗ ) = d ( T z , T   z ∗ ) ≤ 𝛼 d ( z ,   z ∗ )


  d  ( z ,   z ∗ ) = 0


  z =   z ∗ .


  X


  T : X → X


    q 1 ,   q 2


    q 1 ≥ 1 ,   q 2 ≥ 1


  𝛼


  𝛼   q 1 , 𝛼   q 2 ∈ ( 0 , 1 )


    ( q 1 ,   q 2 )


  d


  X


  d  ( T x , T y ) ≤ 𝛼 d  ( x , y )


  x , y ∈ X .


  𝜑 : X → [ 0 , + ∞ )


    𝜑  − 1  (  { 0 } )


  𝜑  ( T x ) ≤ 𝛼 𝜑 ( x )


  x ∈ X .


  ⇒


  (   q 1 ,   q 2 )


  T


  z


  𝜑  ( x ) ≔ d  ( x , z )


  x ∈ X


  𝜑  ( x ) = 0


  d  ( x , z ) = 0


  x = z


    𝜑  − 1  (  { 0 } ) = { z }


    𝜑  − 1  (  { 0 } )


  𝜑  ( T x ) = d  ( T x , z ) = d  ( T x , T z ) ≤ 𝛼 d  ( x , z ) = 𝛼 𝜑 ( x )


  x ∈ X


  ⇒


  d


  d  ( x , y ) ≔  {      max ⁡   { 𝜑  ( x ) , 𝜑  ( y ) }  ,   nếu  x ≠ y      0    ,   nếu  x = y .


  d


    ( q 1 ,   q 2 )


  x , y ∈ X


  d


  x , y , z ∈ X


  x , y , z


  d  ( x , z ) =  max ⁡   { 𝜑  ( x ) , 𝜑  ( z ) } ≤ 𝜑  ( x ) + 𝜑  ( z )


  = d  ( x , y ) + d  ( y , z ) ≤   q 1 d  ( x , y ) +   q 2 d  ( y , z ) .


  d  ( x , z ) ≤   q 1 d  ( x , y ) +   q 2 d  ( y , z ) ,   ∀ x , y , z ∈ X .


  d  ( T x , T y ) ≤ 𝛼 d  ( x , y )


  x , y ∈ X


  x , y ∈ X


  T x ≠ T y


  x ≠ y


  d  ( T x , T y ) =  max ⁡   { 𝜑  ( T x ) , 𝜑  ( T y ) } ≤  max ⁡   { 𝛼 𝜑  ( x ) , 𝛼 𝜑  ( y ) } = 𝛼 d  ( x , y ) .


  T x = T y


  d  ( T x , T y ) = 0 ≤ 𝛼 d  ( x , y ) .


   {   x  n }


    x  n


  A =   a 1 ,   a 2 , … ,   a h


  h ∈ ℕ


  b ∈ A


    x  n


    { x    k  n }


    x  n


    x    k  n = b  


    n ∈ ℕ


  {   x  n }


  {   x    k  n }


  {   x  n }


  z


  {   x  n }


  𝜀 > 0


    n 0 ∈ ℕ


  n ≥   n 0


  d  (   x  n ,   x  n + p ) < 𝜀


  p ∈ ℕ


    k  n ≥ n ≥   n 0


   max ⁡   { 𝜑  (   x    k  n ) , 𝜑  (   x    k  n + p   ) } = d  (   x    k  n ,   x    k  n + p   ) < 𝜀


  𝜑  (   x    k  n ) < 𝜀


    𝜑  − 1  (  { 0 } ) = { z }


  𝜑  ( z ) = 0


  d  (   x    k  n , z ) =  max ⁡   { 𝜑  (   x    k  n ) , 𝜑  ( z ) } = 𝜑  (   x    k  n ) < 𝜀


  n ≥   n 0


  {   x    k  n }


  z


  {   x  n }


  z


  d


  (   q 1 ,   q 2 )


  X .


  X  


  T : X → X


    q 1 ,   q 2


    q 1 ≥ 1 ,   q 2 ≥ 1


  𝛼


  𝛼   q 1 , 𝛼   q 2 ∈ ( 0 , 1 )


    T  n


  n ∈ ℕ


  (   q 1 ,   q 2 )


  d


  d  ( T x , T y ) ≤ 𝛼 d  ( x , y )


  x , y ∈ X


  φ


  Φ


    X


  φ


  Φ


   φ 0


   φ 0


  X


   φ 0


  φ


  z = T z


  z =   T  n z


  n ∈ ℕ


  z


    T  n


  n ∈ ℕ


  s =  max ⁡   {   q 1 ,   q 2 } ≥ 1


  Φ ≔  { 𝜑 :   D  𝜑 →  [ 0 , + ∞ ) |  { z } ⊆   D  𝜑 ⊆ X ,     𝜑  − 1  (  { 0 } ) =  { z } ,


    T  (   D  𝜑 ) ⊆   D  𝜑   v à   𝜑  ( T x ) ≤ 𝛼 𝜑  ( x ) ,   ∀ x ∈   D  𝜑   } .


    T  (   D  𝜑 ) ⊆   D  𝜑   v à   𝜑  ( T x ) ≤ 𝛼 𝜑  ( x ) ,   ∀ x ∈   D  𝜑   } .


  Φ ≠ ∅


    D    𝜑 ∗ ≔ { z }


    𝜑 ∗  ( z ) ≔ 0


    𝜑 ∗ ∈ Φ


  Φ


    𝜑 1 ≼  φ 2 ⇔   D    𝜑 1 ⊆   D    𝜑 2


       𝜑 2 |    D    𝜑 1 =   𝜑 1 .


   Φ 0


   ( Φ , ≼ )


  D ≔   ⋃  𝜑 ∈  Φ 0    D  𝜑


  T  ( D ) = T  (   ⋃  𝜑 ∈  Φ 0    D  𝜑 ) =   ⋃  𝜑 ∈  Φ 0  T (   D  𝜑 ) ⊆   ⋃  𝜑 ∈  Φ 0    D  𝜑 = D


  𝜓 : D → [ 0 , + ∞ )


  𝜓  ( x ) ≔ 𝜑  ( x )


  x ∈   D  𝜑 ,   𝜑 ∈  Φ 0


   { z } ⊆ D ⊆ X


    𝜓  − 1  (  { 0 } ) =  { z }


    𝜓  − 1  (  { 0 } ) =  { z }


  𝜓  ( z ) = 𝜑  ( z ) = 0


  z ∈   D  𝜑 , 𝜑 ∈  Φ 0


   { z } ⊂   𝜓  − 1  (  { 0 } )


  x ∈   𝜓  − 1  (  { 0 } ) ⊂ D


  𝜑 ∈  Φ 0


  𝜓  ( x ) = 𝜑  ( x ) = 0


  x = z


    𝜓  − 1  (  { 0 } ) ⊂ { z }


  𝜓  ( T x ) ≤ 𝛼 𝜓  ( x ) ,   ∀ x ∈ D


  x ∈ D =   ⋃  𝜑 ∈  Φ 0    D  𝜑


  𝜑 ∈  Φ 0


  x ∈   D  𝜑


  𝜓  ( T x ) = 𝜑  ( T x ) ≤ 𝛼 𝜑  ( x ) = 𝛼 𝜓 ( x )


  𝜓 ∈ Φ


  𝜑 ∈  Φ 0


    D  𝜑 ⊆ D


     ​ 𝜓 |    D  𝜑 = 𝜑


  𝜑 ≼ 𝜓


  𝜓


   Φ 0


    𝜑 0 :   D 0 → [ 0 , + ∞ )


  ( Φ , ≼ )


    D 0 = X


    x 0 ∈ X   \     D 0


  O  (   x 0 ) ≔ {   T  n − 1  (   x 0 ) : n ∈ ℕ }


  T  ( O  (   x 0 ) ) ⊆ O (   x 0 )


  O  (   x 0 ) ∩   D 0 = ∅


    D  𝜑 ≔ O  (   x 0 ) ∪   D 0


  𝜑 :   D  𝜑 →  [ 0 , + ∞ )


     ​ 𝜑 |    D 0 =   𝜑 0


  𝜑  (   T  n − 1   x 0 ) =   𝛼  n − 1 ,   ∀ n ∈ ℕ


   { z } ⊆   D  𝜑 ⊆ X ,   T  (   D  𝜑 ) = T  ( O  (   x 0 ) ∪   D 0 ) = T  ( O  (   x 0 ) ) ∪   T ( D 0 ) ⊆   D  𝜑


    𝜑  − 1  (  { 0 } ) =   𝜑 0  − 1  (  { 0 } ) =  { z }


  𝜑  ( T x ) ≤ 𝛼 𝜑  ( x )  


    x ∈   D  𝜑 .


  𝜑  ( T x ) =   𝜑 0  ( T x ) ≤ 𝛼   𝜑 0  ( x ) = 𝛼 𝜑  ( x )


  x ∈   D 0


  𝜑  ( T x ) = 𝜑 ( T  (   T  n − 1   x 0 ) ) = 𝜑 (   T  n   x 0 ) = 𝛼 .   𝛼  n − 1 = 𝛼 𝜑  (   F  n − 1   x 0 ) = 𝛼 𝜑 ( x )


  x ∈ O (   x 0 )


  𝜑 ∈ Φ


  𝜑


    𝜑 0 ≼ φ


  𝜑 ≠   𝜑 0


    𝜑 0


    𝜑 0 ≼ φ


  𝜑 =   𝜑 0


  O  (   x 0 ) ∩   D 0 ≠ ∅


  m = min ⁡ { n ∈ ℕ :   T  n   x 0 ∈   D 0 }


    T  m − 1   x 0 ∉   D 0


    D  𝜑 ≔  {   T  m − 1   x 0 } ∪   D 0


  T  (   D  𝜑 ) = T  (  {   T  m − 1   x 0 } ∪   D 0 ) = T  ( {   T  m − 1   x 0 } ) ∪   T ( D 0 ) =   { T  m   x 0 } ∪ T  (   D 0 ) = T (   D 0 ) ⊆   D 0


  𝜑 :   D  𝜑 → [ 0 , + ∞ )


     ​ 𝜑 |    D 0 ≔   𝜑 0


  𝜑  (   T  m − 1   x 0 ) ≔ 1


    T  m   x 0 = z


  𝜑  (   T  m − 1   x 0 ) ≔   𝜑 0 (   T  m   x 0 ) / 𝛼


    T  m   x 0 ≠ z


   { z } ⊆   D  𝜑 ⊆ X ,   𝜑  − 1  (  { 0 } ) = { z }


  𝜑  ( x ) ≠ 0


  x ∈   D 0   \    { z }


  𝜑  (   T  m − 1   x 0 ) ≠ 0


  𝜑  ( T x ) ≤ 𝛼 𝜑  ( x )


  𝜑  ( T x ) =   𝜑 0  ( T x ) ≤ 𝛼   𝜑 0  ( x ) = 𝛼 𝜑  ( x )   ∀ x ∈   D 0


  𝜑 ( T  (   T  m − 1   x 0 ) ) = 𝜑  (   T  m   x 0 ) = 𝜑  ( z ) = 0 < 𝛼 = 𝛼 𝜑  (   T  m − 1   x 0 )


    T  m   x 0 = z


  𝜑  ( T  (   T  m − 1   x 0 ) ) = 𝜑  (   T  m   x 0 ) =   𝜑 0  (   T  m   x 0 ) = 𝛼 𝜑 (   T  m − 1   x 0 )


    T  m   x 0 ≠ z


  𝜑 ∈ Φ , 𝜑 ≠   𝜑 0


    𝜑 0 ≼ 𝜑


    𝜑 0


    𝜑 0 ≼ 𝜑


  𝜑 =   𝜑 0


    D 0 = X


    𝜑 0 : X → [ 0 , + ∞ )


    𝜑 0  − 1  (  { 0 } ) =  { z }


    𝜑 0  − 1  (  { 0 } )


    𝜑 0  ( T x ) ≤ 𝛼   𝜑 0  ( x )


  x ∈ X


  (   q 1 ,   q 2 )


  X  


  T : X → X


    q 1 ,   q 2


    q 1 ≥ 1 ,   q 2 ≥ 1


  𝛼


  𝛼   q 1 , 𝛼   q 2 ∈ ( 0 , 1 )


    T  n


  n ∈ ℕ


  (   q 1 ,   q 2 )


  d


  d  ( T x , T y ) ≤ 𝛼 d  ( x , y )


  x , y ∈ X


  (   q 1 ,   q 2 )

